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Abstract. We consider a biased random walk X n on a Galton- Watson tree with 

fvq ' leaves in the sub-ballistic regime. We prove that there exists an explicit constant 

7 — tC^) £ (0) l)i depending on the bias (3, such that X n is of order n 1 . Denoting 

A„ the hitting time of level n, we prove that A n /n 1 / 7 is tight. Moreover we show 

that A„ /n 1 / 7 does not converge in law (at least for large values of (3). We prove 

that along the sequences n\(k) = |_A/3 7fe J, An/n 1 ^ converges to certain infinitely 

£NJ , divisible laws. Key tools for the proof are the classical Harris decomposition for 

Galton- Watson trees, a new variant of regeneration times and the careful analysis 

**>'■ of triangular arrays of i.i.d. heavy-tailed random variables. 

CM 

■*— > 

1. Introduction and statement of the results 



Consider a supercritical Galton- Watson branching process with generating function 
f( 2 ) = 12k>oPk zk i i- e - the offspring of all individuals are i.i.d. copies of Z, where 
P[Z = k] = pk. We assume that the tree is supercritical and has leaves, i.e. m : = 



> 



E[Z] = f'(l) G (1, oo) and p > 0. We denote by q G (0, 1) the extinction probability, 
which is characterized by f(q) = q. Starting from a single progenitor called root 
and denoted by 0, this process yields a random tree T. We will always condition on 
the event of non-extinction, so that T is an infinite random tree. We denote (Q, P) 
the associated probability space: P is the law of the original tree, conditioned on 
non-extinction. 






o 



For uj G Q, on the infinite Galton- Watson tree T(u), we consider the /3-biased 
random walk as in [TB|. More precisely, we define, for /3 > 1, a Markov chain (X n ) nG ^ 
on the vertices of T, such that if u ^ and u has k children v\, . . . , Vk and parent u , 
then 



i 



(1) P[X n+1 = u\X n = u}- [+f3k , 

(2) P[X n+1 = Vl \X n = u} = jfa, forl<t<k, 

and from all transitions to its children are equally likely. This is a reversible Markov 
chain, and as such, can be described as an electrical network with conductances 
c(x,x) := /3l x l _1 on every edge of the tree (see [15] for background on electrical 
networks) . 

We always take X = 0, that is we start the walk from the root of the tree. We de- 
note by -P w [-] the law of (X n ) n=0ilj2 ,... and we define the averaged law as the semidirect 
product P = PxP u 
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Many interesting facts are known about this walk (see [IS]). As one might expect, 
it is transient. Denote by \u\ = d(0,u) the distance of u to the root. It is known 
that P-a.s., \X n \/n converges to a deterministic limit v. Moreover, the random walk 
is ballistic, i.e. its limiting velocity v > 0, if and only if (3 < (3 C = 1/f (q). In the 
subballistic regime, i.e. if /3 > /3 C , we have t> = 0. The reason for the subballistic 
regime is that the walk loses time in traps of the tree, from where it cannot go to 
infinity without having to go for a long time against the drift which keeps it into the 
trap. The hypothesis po > is crucial for this to happen. 

As in all subballistic models, a natural question comes up: what is the typical 
distance of the walker from the root after n steps? This is the question we address in 
this paper. We always assume that 

E[Z 2 } < oo 

and 

P > 1/f (?) , 
recalling that l/f'(q) > 1. We introduce the exponent 

so that ^ = 1/f '(g). 

Let A n be the hitting time of the n-th level: 

A n = inf{z > 0, \Xi\ = n}. 

Theorem 1.1. (i) The laws of (A n /n 1 / 7 ) n > under ¥ are tight, 
(ii) The laws of (|A„|/ra 7 )„>o under P are tight. 
(Hi) We have 

(1.2) lim ' =7, P-a.s.. 

»woo In n 

Of course, this raises the question of convergence in distribution of the sequence 
(A n /n 1//-7 ) n >o. The next theorem gives a negative answer. 

Theorem 1.2. For (3 large enough, the sequence (A n /n 1//7 ) n > does not converge in 
distribution. 

However, we can establish convergence in distribution along certain subsequences. 
Theorem 1.3. For any A > 0, denoting n\(k) = [Xf (q)~ k \, we have 



A 



n x (k) d 



Y> 



A 



n x (kyh 
where the random variable Y\ has an infinitely divisible law fi\. 

We now describe the limit laws jj,\. For some constants p and C a (the constant p is 
defined in ( 12.21) . the constant C a in Lemma F6. II) . we have 

Y x = (pC a X)^ Y {pCaX)1/l 

where 

Y x has the law 3(d\, 0, C\) . 



The infinitely divisible law 3(d\, 0, £\) is given by its Levy representation (see [T7j, p. 
32). More precisely, the characteristic function of 3(d\,0,£\) can be written in the 
form 



E 



e itY x 



(oo 
id x t + J (e itx - 1 - j^] d£ x (x) 



o 
where d\ is a real constant and £\ a real function which is non-decreasing on the 

a 

interval (0, oo) and satisfies £\{x) — » for x — > oo and f x 2 d£\(x) < oo for every 

o 
a > 0. Comparing to the general representation formula in [17], p. 32, we here have 

that the gaussian part vanishes and £\{x) = for x < 0. The function £\ is called 

the Levy spectral function. Note that £\ is not a Levy-Khintchine spectral function. 

In order to describe £\, define the random variable 

Bin(WooPoo) 

"JfYl X > 



(1-3) Z °° = ! _ ^-i zL e *' 

where p^ = 1— /3 _1 is the escape probability of a /3-biased random walk on N. Further, 
the random variables e, in (jl.3p are i.i.d. exponential random variables of parameter 
1 and the non-negative random variables (e»), W^ and S'oo in (11.31) are independent. 
The random variables S'oo and W^ will be described in (13. 6p and Proposition 16.1 
respectively. The random variable Bin(W / 00 ,p 00 ) is of law Binomial with parameters 
Woo and Poo. Now, denoting by Foo(x) = IPf^oo > x] the tail function of Zoo, we have 

Theorem 1.4. (i) The Levy spectral function £\ is given by 

( ifx < 0, 

A (*) = < -(1 - p-i)Y,P rfk F°o{xP k ) *fx>0- 

fwj /or a// A G [l,/3) and i6l, £a(x) = A 7 £i(Ax) and £p{x) = £i(x). 

(Hi) d\ is given by 



(A/3 fc ) 2 + Zl 



(iv) £\ is absolutely continuous, 
(v) The following bounds hold 

(1-4) ^E[Zl]^<-£ 1 (x)<E[Z2 ]^. 

(vi) The measure jjl\ is absolutely continuous with respect to Lebesgue measure and 

has a moment of order a if and only if a < 7. 

(vii) When [3 is large enough, x 1 ' £\{x) is not a constant. 

(viii) The random variable Zoo has an atom at and a smooth density ip on (0, 00). 

Further, Zoo has finite expectation. 

Remark 1.1. We believe that Theorem \l.S\ holds true for all values (3 > /3 C . The proof 
would amount to showing that the function x 1 £\{x), with £\{x) given in Theorem \l.J\ 
is not a constant. 
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Next we explain briefly, using a toy example, the reason for the non-convergence 
of (A„/n 1 / 7 ) n > and the convergence of subsequences in Theorems 11.21 and 11.31 The 
reasons lie in the classical theory of sums of i.i.d. random variables. Consider a 
sequence of i.i.d. random variables G{, geometrically distributed with parameter a. 
Let 

n 
i=l 

It is easy to see, using classical results about triangular arrays of i.i.d. random variables 
(c.f. [LT]), that for a = ~ ^ 7 , and n\{k) = f3~ ak , the distributions of 

— 7TTT-, S n ,(k) converge to an infinitely divisible law 
n x (ky/ a x{ ' 

(see Theorem 110.11 for a more general result). But obviously here S n jn L ' a cannot 
converge in law, if a < 2, because one easily checks that the distribution of j3 Gl does 
not belong to the domain of attraction of any stable law. This is the basis of our 
belief that Theorem 11.21 should be valid for any (3 > (3 C . 

We now discuss the motivation for this work. If one considers a biased random 
walk on a supercritical percolation cluster on Z d , it is known that, at low bias, the 
random walk is ballistic (i.e. has a positive velocity) and has gaussian fluctuations, 
see [20] and [5]. It is also known that, at strong bias, the random walk is subballistic 
(i.e. the velocity vanishes). It should be noted that, in contrast to the Galton- Watson 
tree, the existence of a critical value separating the two regimes is not established for 
supercritical percolation clusters. The behaviour of the (law of) the random walk in 
the subballistic regime is a very interesting open problem. It was noted in [21J that the 
behaviour of the random walk in this regime is reminiscent of trap models introduced 
by Bouchaud (see [5] and [1]). Our work indeed substantiates this analogy in the 
simpler case of supercritical random trees. We show that most of the time spent by 
the random walk before reaching level n is spent in deep traps. These trapping times 
are roughly independent and are heavy-tailed. However, their distribution does not 
belong to the domain of attraction of a stable law, which explains the non- convergence 
result in Theorem 11.21 

We note that it is possible to obtain convergence results to stable laws if one gets 
rid of the inherent lattice structure. One way to do this is to randomize the bias (3. 
This is the approach of the forthcoming paper [3] . 

For other recent interesting works about random walks on trees, we refer to |12j . pQ, 
and HHI) . 



There is also an analogy with the one- dimensional random walk in an i.i.d. random 
environment (RWRE). This model also shows a ballistic and a subballistic regime, 
explicitly known in terms of the parameters of the model. We refer to [21] for a 
survey. In the subballistic regime, it was shown in [13] that depending on a certain 
parameter k G (0, 1], and under a non-lattice assumption, ^%- converges to a functional 
of a stable law, if k < 1, and ?, n converges to a functional of a stable law, if k — 1. 
Recently, using a precise description of the environment, [8] and [9] refined this last 
theorem by describing all the parameters of the stable law, in the case k < 1. 

Our method has some similarity to the one used in [9]. In comparison to [9], an 
additional difficulty arises from the fact the traps met depend not only on the environ- 
ment but also on the walk. Moreover one has to take into account the number of times 



the walker enters a trap, which is a complicated matter because of the inhomogeneity 
of the tree. This major technical difficulty can be overcome by decomposing the tree 
and the walk into independent parts, which we do using a new variant of regeneration 
times. 

The paper is organized as follows: In Section [2] and Section [3] we explain how to 
decompose the tree and the walk. In Section H] we give a sketch of the proof of 
Theorem 11.31 Sections 0-0 prepare the proof of Theorem 11.31 and explain why the 
hitting time of level n is comparable to a sum i.i.d. random variables. Section [10] is 
self-contained and its main result, Theorem llO.il is a classical limit theorem for sums 
of i.i.d. random variables which is tailored for our situation. In Section HH we finally 
give the proofs of the results. In Subsection 111.11 we apply Theorem 110.11 to prove 
Theorem II .31 Subsection 111 .21 is devoted to the proof of Theorem II .21 Subsection II 1.31 
gives the proof of Theorem 11.11 and Subsection 111.41 the proof of Theorem 11.41 

Let us give some conventions about notations. The parameters (3 and (pk)k>o will 
remain fixed so we will usually not point out that constants depend on them. Most 
constants will be denoted cor C and their value may change from line to line to 
ease notations. Specific constants will have a subscript as for example C a . We will 
always denote by G(a) a geometric random variable of parameter a, with law given 
by P[G a >k] = {l- af- 1 for k > 1. 

2. Constructing the environment and the walk in the appropriate 

way 

In order to understand properly the way the walk is slowed down, we need to 
decompose the tree. Set 

(2.1) g( s ) = f((1 - g)g + 9) - g and h(s) = *H 

l-q q 

It is known (see [H]), that a f-Galton- Watson tree (with p > 0) can be generated 
by 

(i) growing a g-Galton- Watson tree T g called the backbone, where all vertices 

have an infinite line of descent, 
(ii) attaching on each vertex x of T g a random number N x of h-Galton- Watson 
trees, acting as traps in the environment T, 

where N x has a distribution depending only on deg T (x) and given T g and N x the 
traps are i.i.d., see [H] for details. 

We will call bud a vertex at distance exactly one of the backbone. It is important 
to consider the backbone together with the buds to understand the number of visits 
to traps. 

It will be convenient to consider the attached Galton- Watson trees together with 
the edge which connects them to the backbone. We define a trap to be a graph 
(x U V, [x, y] U E), where x is a vertex of the backbone, y is a bud adjacent to x and 
V (resp. E) are the vertices (resp. edges) of the descendants of y. The traps can 
themselves be decomposed in a portion of Z called the spine, to which smaller trees 
called subtraps are added, this construction is presented in detail in Section [3j 

Let us now construct the random walk. We need to consider the walk on the 
backbone and on the buds, to this end we introduce 



G. BEN AROUS, A. FRIBERGH, N. GANTERT, AND A. HAMMOND 




Figure 1. The Galton- Watson tree is decomposed into the backbone 
(solid lines) and the traps (dashed lines). 



X„i 



(1) a = a' = 0, 

(2) a n+ i = mi{i > cr„|Xj_i,Xj G backbone}, 

(3) cr' n+1 = mi{i > a' n \X i _ 1 , X; t G backbone U buds}, 

and we define Y n = X an the embedded walk on the backbone, respectively Y' n 
the embedded walk on the backbone and the buds. 

Moreover define A^ = card{z > 0|(Xj < A n } the time spent on the backbone to 
reach level n and similarly A^ = card{i > Q\a[ < A n }. 

Denote, for a set A in the tree T\ = min{n > l\X n G A}, Ty 
min{n > 0|X n G A}, and T y := T{ y y. 

Note that the process (Y n ) n >o is a Markov chain on the backbone, which is inde- 
pendent of the traps and the time spent in the traps. Here one has to be aware that 
visits to root do not count as "time spent in a trap", precise definitions will follow 
below. Hence, in order to generate Y n we use a sequence of i.i.d. random variables C/j 
uniformly distributed on [0, 1]. If Yj ■. = w with Z\ children on the backbone, then 



T {yV Ta 



(1) Y i+1 

(2) Y t+1 



w , if Ui G 



0. 



'' Z*/3+l 

the j th -chi\d of w, if Ui G 



1 



il 



1- 



(i-i)/3 



Z*/3+l ' " Z*p+1 

For background on regeneration times we refer to [22] or [2 
/^-biased random walk Y n on Z, a time t is a regeneration time if 



In the case of a 



Y t > maxYs and Y t < minY" s . 

s<t s>t 



Definition 2.1. A time t is a super-regeneration time for Y n , if t is a regeneration 
time for the corresponding /3-biased random walk Y n on Z defined by 

(i) % = 0, 



ii 



Y, 



n+l 



Y n -1, lfU n G 



t±- 

U ' /3+1 



(iii) Y n+1 — Y n + 1 otherwise. 

We denote t — SR the event that t is a super-regeneration time for Y n . 

It is obvious that a super-regeneration time for Y n is a regeneration time for Y n in 
the usual sense (the converse is false). 

The walk can then be decomposed between the successive super-regeneration times 

(i) r = 0, 
(ii) r i+1 = inf{j > n\j - SR}. 

Since the regeneration times of a /3-biased random walk on Z have some exponential 
moments, there exists a > 1 such that Efa 7 " 2-1 " 1 ] < oo and E[a T1 ] < oo. 

Remark 2.1. The advantage of super-regeneration times compared to classical regen- 
eration times is that the presence of a super-regeneration time does not depend on the 
environment, but only the on the sequence (£/j)j>o- 

Remark 2.2. The drawback of super-regeneration times is that the event that k is a 
super-regeneration time depends on the random variables (£/j)i>o and not only on the 
trajectory of the random walk (Y n ) n > . 

Denoting for k > 1, the a- field 

Gk = o-(T 1 ,...,T k , (V nATfe ) n >o, {x G T(u), x is not a descendant of Y Tk }). 

We have the following proposition 
Proposition 2.1. For k > 1, 

F[(Y Tk+n - Y Tk ) n > e -, {x G T(u),x is a descendant of'Y Tk } G -\Q k \ 

=n(Y n ) n > e-,T(Lu)e-\0-SR}. 

Remark 2.3. The conditioning — SR refers only to the walk on the backbone, hence 
it is obvious that the behaviour of the walk in the traps and the number of times the 
walker enters a trap is independent of that event. 

We skip the proof of this Proposition for it is standard. A consequence of the propo- 
sition is that the environment and the walk can be subdivided into super-regeneration 
blocks which are i.i.d. (except for the first one). As a consequence we have that 

;= cardm,...,^} satisfles ^ = E[ca rd {y ri ... y„_ l} ] _ ^ 

n JH[r 2 - TiJ 

which is the average number of vertices per level visited by Y n . This quantity is finite 
since it is bounded above by than l/v(/3), where v(/3) is the speed of \Y n \ which is 
strictly positive by a comparison to the /3-biased random walk on Z. 

When applying the previous proposition, it will be convenient to use the time-shift 
for the random walk, which we will denote by 9. 

3. Constructing a trap 

In the decomposition theorem for Galton- Watson trees, we attach to the vertices 
of the backbone a (random) number of h-Galton- Watson trees. We will denote their 
distribution with Q, hence Q[Z = k] = q k :— PkQ k ~ l , where Z denotes the number 
of children of a given vertex. As stated before the object we will denote a trap has 
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an additional edge: to describe a trap £ we take a vertex called root (or root(£) to 
emphasize the trap), link it to another vertex (denoted root(£)), which is the actual 
root of a random h-Galton- Watson tree. 

When we use random variables associated to a trap, we refer to the random part of 
that trap (the h-Galton- Watson tree). For example the notation Z n is the number of 
children at the generation n with root being generation 0. In particular, we introduce 
the height of a trap 

(3.1) H = max{n > 0, Z n > 0}, 



and we say a trap has height k if H(£) = k, i.e. the distance between root and the 
bottom point of the trap is k. 

This way of denoting the random variables has the advantage that Z n (resp. H) 
are distributed under Q, as the number of children at generation n (resp. the height) 
of a h-Galton- Watson tree. 

The biggest traps seen up to level n are of size — lnn/lnf (g), therefore a trap will 
be considered big if its height is greater or equal to 

["/ s Inn 

(3-2) fc »=Mri^ 

for some e > which will eventually be chosen small enough. Such a trap will be 
called a /i n -trap or a big trap. It is in those traps that the walker will spent the 
majority of his time and therefore is important to have a good description of them. 

The traps are (apart from the additional edge) subcritical Galton- Watson trees, as 
such, they can be grown from the bottom following a procedure described in [10] , that 
we recall for completeness. We will denote by 6 the starting point of the procedure, 
corresponding to the leftmost bottom point of the trap, this last notation will be kept 
for the whole paper. 

With a slight abuse of notation, we will denote by Q a probability measure on an 
enlarged probability space containing the following additional information. 

We denote by (0 n +i, VWi) with n > 0, a sequence of i.i.d pairs of random variables 
with joint law given by 

(3.3) Q[0 n+1 = j, 4> n+1 = k]= c n q k Q[Z n = Oj^QtZn+i = 0] k ~ j , 1 < j < k, k > 1, 

where c n = ^ggjj. 

Set 7o = {5}. Construct T n+ i, n > inductively as follows: 

(1) let the first generation size of T n+1 be ip n +i, 

(2) let T n be the subtree founded by the n+ i-th first generation vertex of T n+ i, 

(3) attach independent h-Galton- Watson trees which are conditioned on having 
height stricly less than n to the 4> n +i — 1 siblings to the left of the distinguished 
first generation vertex, 

(iv) attach independent h-Galton- Watson trees which are conditioned on having 
height strictly less than n + 1 to the ip n +i — 4>n+i siblings to the right of the 
distinguished first generation vertex. 

Then T n+ \ has the law of an h-Galton- Watson tree conditioned to have height n+1 
(see [101). 



We denote T the infinite tree asymptotically obtained by this procedure; from this 
tree we can obviously recover all T n . If we pick independently the height if of a h- 
Galton- Watson tree and the infinite tree T obtained by the previous algorithm, then 
Th has the same law as a h-Galton- Watson tree. 

We will call spine of this Galton- Watson tree the ancestors of 5. If y ^ 5 is in 
the spine, y denotes its only child in the spine. We define a subtrap to be a graph 
(x U V, [x, y] U E), where x is a vertex of the spine, y is a descendant of x not on the 
spine and V (resp. E) are the vertices (resp. edges) of the descendants of y. The 
vertex x is called the root of the subtrap, and we denote 

(3.4) S x the set of all subtraps rooted at x . 



root 





Figure 2. The trap is decomposed into the spine (solide lines) and the 
subtraps (dashed lines). 

We denote by S^'^ and n^ with n,i,j > and k = 1,2, two sequences of 
independent random variables, which are independent of (0„, ip n ) n >o and given by 

(1) S'^ +lj ' 1 (resp. S^'i' 2 ) is the j'-th subtrap conditioned to have height less than 
n added on the left (resp. right) of the n + 1-th (resp. n-th) ancestor of 5, 

(2) n^ J,fc is the weight of S^' k under the invariant measure associated to the 
conductances j3 l+1 between the level % and i + 1, the root of S^' k being counted 
as level 0. 

These random variables describe the subtraps and their weights. 
We denote If^' = and 

0» — 1 il>i—<t>i 

(3.5) \H = J2 nK + E n ^' 2 ' 

3=1 3=1 

which is the weight of the subtraps added to the i— th ancestor of S. 
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Due to the following lemma, the random variables A, will be important to describe 
the time spent in traps. 

Lemma 3.1. Let (G,c(e)) be a finite or positive recurrent electrical network, x G G 
and P x the law of the random walk started at x. IfJ2 v ^ x c ([ x ^y]) = 1> then 



i*yr+]=2j>(e) 



eGG 

Proof. Denote 7r the invariant measure associated with the conductances of the net- 
work. Then tt{.)/tt{G) is the invariant probability of the network and the mean return 
time formula yields 

since n(x) = J2 yr ^ x c([x,y]) = 1. Then we simply notice that 

7r(G9 = 2j>(e). 

eeG 

D 
Let us introduce another important random variable 

oo 

(3.6) S 00 = 2^/r i (l + A*), 

i=0 

which appears in the statement of our theorem. It is the mean return time to 5 of the 
walk on the infinite tree T described in the algorithm following f)3.3p . 

Lemma 3.2. There exists a constant C^ depending on (pk)k>o> such that for n > 
and k > 0, 

Q[ip n +i = k}< C^kq k . 

In particular, for another constant C^, sup-Eq [ipi] < C^ < oo. 
Proof. Recalling (13. 3p . we get 

k 
Q[lpn+1 = k] = ^ Qi'Pn+l = j, 1pn+l = k] 
3=1 

k 

= c n q k J2 Qftn = OP'-iQ^+x = 0] fc - J 

3=1 

< c n kq k . 

It is enough to show that the sequence (c n ) n >o is bounded from above. A Galton- 
Watson tree of height n + 1 can be obtained as root having j children, one of which 
produces a Galton- Watson tree of height n, the others having no children of their 
own. Thus 

1/cn = Q[H = n + 1}/Q[H = n}> q j( f~\ 
for any j > 1. We fix j > 1 so that qj > and we get 

1 



Q[ip n+ i = k]< izzikq 

Qj % 



fe-i 



11 
where we used qu = PkQ kl < q k ~ x - □ 

Using this lemma we can get a tail estimate for the height of traps. 
Lemma 3.3. There exists a > such that 

Q[H > n] ~ a?(q) n . 

Proof. It is classical (see [TTJ) that for any Galton- Watson tree of law Q with Eq[Z\\ = 
m < 1 expected number of children, we have 

lim Q ^ Zn > °] > o ^ E 5 [Z X log + ZJ < oo. 

The integrability condition is satisfied for Q since q^ = PkQ k ~ 1 < Q k ~ 1 , and the 
result follows. □ 

We also recall the following classical upper bound 
(3.7) Q[H >n] = Q[Z n > 0] = Q[Z n > 1] < E Q [Z n ] = f'(q) n . 

The following lemma seems obvious, but not standard, so we include its proof for 
the convenience of the reader. 

Lemma 3.4. We have for k > 0, 

Q[Zi < k\Z n = 0] > Q[Zi < k). 

In particular EQ[Zi\Z n = 0] < F (q) 1 , for any i > and n > 0. 

Proof. Denoting D n a geometric random variable of parameter 1 — Q[Z n _i = 0] which 
is independent of Zi, we have Q[Zi < A;|Z n = 0] = Q[Zi < k\Z\ < D n }. Then 
compute 



Q[Zi < fc|Z! < D n ] 



E J toQ[^>j]Q^i=j] 
Er=oQ^n>j]Q[^i=j] 



1 , E J °l fc+ lQ[^n>j]Q[^l=j] 

E- = oQ[^n>j]Q[^i=j] 

now use that for all f < k < j we have Q[D n > j] < Q[D n > k] < Q[D n > j'], 
yielding 

Q[Zx < k\Z x < D n ] > p-°~* _ = Q[Zx < fc]. 

D 

We can now estimate _Eq[Aj]. 
Lemma 3.5. For all i > 0, 
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Proof. Using (J3.5P , Lemma 13.21 and Lemma 13.41 we get 

i 

£ Q [A 4 ] = E Q [^ i ]E Q \n i . 1 ]+E Q [^ i -(f> i ]E Q \n i ] < £ Q [ILjsup£ Q [^] < ^Vf'( 9 )f, 

and the result follows immediately, since /3f'(q) > 1. □ 

Finally, we get the following 
Proposition 3.1. We have 

PIC1/ 2CV / /? 1 \ 

E * [s - ] * i- W9 ))-i U=T + i^) J < °°" 



Proof. Recalling Lemma [3.51 we get 

E Q [5oo] < 2^r%[l + A,] < ^^ E^ 1 + W?))*) < oo, 
and we conclude using f (g) < 1. D 

4. Sketch of the proof 

In the first step, we show (see Theorem 15.11) that the time is essentially spent in 
/i„-traps. 

Then we show that these /i n -traps are far away from each other, and thus the 
correlation between the time spent in different /i n -traps can be neglected. Moreover 
the number of /i n -traps met before level n is roughly pC a n £ . Let 

(4.1) Xo{ n ) = the time spent in the first h n — trap met 

where we point out that there can be several visits to this trap. At this point we have 
reduced our problem to estimating 

A n « xiip) H h X P c a n-(n), 

where Xi( n ) are i-i-d. copies of Xo( n )- 

Now we decompose the time spent in the first /i„-trap according to the number of 
excursions in it starting from the root 

w n 

1=1 

where W n denotes the number of visits of the trap until time n and T an i.i.d. se- 
quence of random variables measuring the time spent during an excursion in a big 
trap. It is important to notice that the presence of an /i n -trap at a vertex gives 
information on the number of traps at this vertex, and thus on the geometry of the 
backbone. So the law of W n depends on n. Nevertheless we show that this dependence 
can be asymptotically neglected, and that for large n, W n is close to some random 
variable W^ (Proposition 16. ip . 

Now we have essentially no more correlations between what happens on the back- 
bone and on big traps. The only thing left to understand is the time spent during 
an excursion in a /i„-trap from the root. To simplify if the walker does not reach 
the point 5 in the trap (this has probability si- Poo), the time in the trap can be 
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neglected. Otherwise, the time spent to go to 5, and to go directly from S back to the 
root of the trap can also be neglected, in other words, only the successive excursions 
from 8 contribute to the time spent in the trap. This is developed in Section [SJ and 
we have 

Bin(Woo,Poo) GW-1 

(4-2) X i(n) ^ E E T -\ 

i=l j=0 

where Texc are i.i.d. random variables giving the lengths of the excursions from 5 to 

5. Further, G® is the number of excursions from 5 during the i-th excursion in the 

trap: it is a geometric random variable with a parameter of order f3~ H . Since j3~ H is 

very small (H being conditioned to be big), the law of large numbers should imply 

that 

gOO-i 

3=0 

and also we should have G® — 1 ~ P H e,i. This explains why, recalling (11.31) . 

We are then reduced to considering sums of i.i.d random variables of the form Zij3 Xi 
with Xi integer- valued. This is investigated in Section [TQJ. We then finish the proof 
of Theorem 11.31 in Section [TTJ 

Remark 4.1. The reasoning fails in the critical case 7 = 1, indeed in this case we 
have to consider a critical height h n which is smaller. This causes many problems, in 
particular in big traps there can be big subtraps and so, for example, the time to go 
from the top to the bottom of a trap cannot be neglected anymore. 

5. The time is essentially spent in big traps 

We recall that h n = [—(1 — e) lnn/lnf (g)]. Lemma [3.31 gives the probability that 
a trap is an /i n -trap: 

(5.1) Vn :=Q[H>h n ]~ a f(q) h ", 

For x e backbone, we denote 

(5.2) L x the set of traps rooted at x 

(if x is not in the backbone then L x = 0) . Let us denote the vertices in big traps by 
L{h n ) = {y G T{oj) | y is in a h n — trap.}. 

Our aim in this section is to show the following 

Proposition 5.1. Fore > 0, we have 

A n - x(n) 



71 



v- 



> t 







for all t>0, P 

where 

(5.3) X (n) = card{l < i < A n |JQ_ 1; X { G L(h n )} 

is the time spent in big traps up to time A n . 

Define 
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(i) A^n) = {Al < C.n}, 



> 



(ii) A 2 (n) = {cardU^Ly, < C 2 n} 
(iii) A 3 (n) = { max card{0 < i < Al\Y { G £, X 0i+1 e £} < C 3 lnn\, 

(iv) A(n) = Ai(n) n A 2 {n) n A 3 (n). 

The following lemma tells us that typically the walk spends less than C\n time 
units before reaching level n, sees less than C 2 n traps and enters each trap at most 
C 3 In n times. 

Lemma 5.1. For appropriate constants C\, C 2 and C 3 , we have 

i^n) } = o{n~ 2 ) and F[A{n) c ] -► 0. 



Proof. By a comparison to the /^-biased random walk on Z, standard large deviations 
estimates yields 

F[Ai(n) e \ = o(n- 2 ), 
for C\ large enough. 

On Ai(n), the number of different vertices visited by (l^)i>o up to time A^ is 
at most C\n. The descendants at each new vertex are drawn independently of the 
preceding vertices. Moreover at each vertex the mean number of traps at most the 
mean number of children, thus E[cardL ] < m/(l — q). The law of large numbers 
yields for C 2 > C\va./{1 — q) that 

Cm 
F[A 2 (n) c ] < Placard 4° > C 2 n +F[A 1 (n) c ] -> 0, 



i=0 



where cardLg are i.i.d. random variables with the law of cardLo. This yields the 
second part. 

For Az(n), we want, given a vertex x in the backbone and any £ e L x to give an 
upper bound on the number of transitions from x to y, where y is the bud associated 
to L Let z be an offspring of x in the backbone. Then, at each visit to x, either the 
walker does not visit y or z, or it has probability 1/2 to visit y first (or z first). Hence, 

(i) the number of transitions from x to y before reaching z is dominated by a 

geometric random variable of parameter 1/2, 
(ii) the number of transitions from x to z is dominated by a geometric random 
variable of parameter p^, since the escape probability from z is at least p^. 

Consequently the number of transitions from x to y is dominated by a geometric 
random variable of parameter Poo/2. Thus 

F[A 3 {n) c n A 2 {n)} < C 2 n¥ \g( Poo /2) > C 3 ln n] < Cn 0il ^ l - paa/2)+l , 

and if we take C 3 large enough we get the result. □ 

Now we can start proving Proposition 15.11 Decompose A n into 
(5.4) A n = A^ + X (n)+ £ N(£), 

ee ufJ L Yi \ L{h n ) 
where N(£) = {1 < i < A„|Xi_i e£,X t e £}. 
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The distribution of N(£) conditionally on the backbone, the buds and (^7)i<A y '> 
the walk on the backbone and the buds, is Y2i=i R\ ■ Here we denoted Eg, the number 
of visits to i and Rf is the return time during the i-th. excursion from the top of i. 
These quantities are considered for traps £, conditioned to have height at most h n . 

Obviously we get from (15 .4p that 
(5.5) A n > x(n). 

From (15.41) we get for t > 0, 



(5.6) 



P 



A n -x(n) 
nV7 



>t 



< ¥[A(n) c ] + P C.n + Zilo EST R i > tnlh 



< o(l)+P 



i=0 2^j=0 ""-£ — 2 n 



where we used Lemma 15.11 
Chebyshev's inequality yields, 

Cin C3 Inn 



j=0 j=0 



< 



tn 1 /^ 



C^n C3 Inn 



(<) 



i=0 j=0 

Using Lemma 13.41 and Lemma 13.11 we have 



2C 2 C 3 n 1 ~ 1/7 hi7i rr 
< — — E[R 



?] 



h n -l 



E[R®] = E Q [E^ oot [TLm < K] = 2 J2 ^ E Q[ Z n\H < K] 



hn-l 



< 



2j2(^'(i)y<cn^ 



i=0 



- £ )(-i+i/ 7 ) 



i=0 



Plugging this in the previous inequality, we get for any e > and t > 

C^n C3 Inn 



pEE^f 1 ^/ 7 =°( 1 ) 



i=0 j=0 

thus recalling (I5.6P and (15.51) we have proved Proposition 15.11 



□ 



6. Number of visits to a big trap 

We denote K x = max feLi H(£), the height of the biggest trap rooted at x for 
x G backbone, where we recall that H denotes the height of the trap from the bud 
and not from the root. 

Lemma 6.1. We have 

P[K > K] ~ C a f\q) h \ 

where C a = aq m ~_ , recalling Lemma \3. 3\ for the definition of a. 

Proof. We denote Z the number of children of a the root and Z* the number of children 
with an infinite line of descent. Let P be the law of a f-Galton Watson tree which is 
not conditioned on non-extinction and E the corresponding expectation. Recall ( 15.11) 
and let H^\i = 1,2, ... be i.i.d. random variables which have the law of the height 
of a h-Galton- Watson tree. Then 

Ei(l-n n ) z - z *(l-l{Z* = 0})] 



P[K > h n ] 



max H (i) > h r 



1 



1-q 
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where the indicator function comes from the conditioning on non-extinction, which 
corresponds to Z* ^ 0. 

Hence 

P[K > h n 



1 E[(l- Vn ) z - z ']-E[(l- Vn ) z - z W 



1-9 
and using E[s z ~ z *t z ] = f(sq + t(l — q)) (see [14J) we get 

p| > K] = 1 _ f((i-„„)g + i-,)-f((i-„..M 

1-g 

Now, using (15.11) and the expansion f(z — x) = f(z) — f'(z)x + o(x) for z G {g, 1}, 
we get the result. □ 

Define the first time when we meet the root of a h n -tra.p using the clock of Y n , 

(6.1) K(n) = inf{« > 0\K Yi > K}. 

We also define £(n) to be a /i„-trap rooted at Y K ^, if there are several possibilities 
we choose one trap according to some predetermined order. We denote b(n) the 
associated bud. 

We describe, on the event — SR, the number of visits to £(n), by the following 
random variable: 

(6.2) W n = card{i | X { = Y K(n) , X i+1 = b(n)}, 

where u is chosen under the law P[-] and X n under -P^[-|0 — SR]. We will need the 
following bounds for the random variables (W n )n>i> 

Lemma 6.2. We have W n ^ G{p OQ /'i) for n e N, i.e. the random variables W n are 
stochastically dominated by a geometric random variable with parameter Poo/3. 

Proof. For n G N, starting from any point x of the backbone, the walker has probabil- 
ity at least 1/3 to go to an offspring y of x on the backbone before going to b(n) or x . 
But the first hitting time of y has probability at least p^ to be a super-regeneration 
time. The result follows as in the proof of Lemma 15.11 □ 

Proposition 6.1. There exists a random variable W^ such that 



W n ^W, 



oo- 



where we recall that for the law ofW n , to is chosen under the law P[-] and X n under 
P?[-\0-SR]. 

Remark 6.1. It follows from Lemma \6. 2\ that Woo Z^ G{poo/3). 

Fix n G N* and set m > n. We aim at comparing the law of W m with that of W n 
and to do that we want to study the behaviour of the random walk starting from the 
last super-regeneration time before a /i n -trap (resp. /i m -trap) is seen. This motivates 
the definition of the last super-regeneration time seen before time n, 

S(n) := max{0 < i < n \ i — SR}. 

For our purpose it is convenient to introduce a modified version of W m , which will 
coincide with high probability with it. For m > n, recall that 9 denotes the time-shift 
for the walk and set 

K(m,n) = inf{j > | K Yj > h m , £(m) o 0^{j) = t{n) o 6» s(i) }, 
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the first time the walker meets a /i m -trap which is the first /t n -trap of the current 
regeneration block and we denote by b(m, n) the associated bud. Set 

W m>n = card{i \ X< = Y K ( m>n) ,X i+1 = b(m,n)}, 

where u is chosen under the law P[-] and (t^)i<K( mn ) under P^[-|0-SR]. 

Lemma 6.3. For m > n we have that 

W m ,n = W n . 

Proof. To reach a vertex where an ft, m -trap is rooted, the walker has to reach a vertex 
where an /i n -trap is rooted. Two cases can occur: either the first /i n -trap met is also 
a /i m -trap or it is not. In the former case, which has probability r) m /i] n > 0, since the 
height of the first /i n -trap met is independent of the sequence (Ui)i<K( n ), the random 
variables W m>n and W n coincide. In the latter case, by its definition, K(m, n) cannot 
occur before the next super-regeneration time, hence K(m,n) > T\ o Qk{u)- in this 
case W mtn = W my n ° 0k(u) and then by Proposition 12.11 

W m>n o 9 rio e K(n) = W m:n , 

and W m!n o 9 Tl0 e K(n) is independent of (^)i<noe A . (n) -i- 

The scenario repeats itself until the /i n -trap reached is in fact a /i m -trap, the num- 
ber of attempts necessary to reach this /i m -trap is a geometric random variable of 
parameter r] m /r] n which is independent of the (Z7»)'s. 

This means that there is a family (Wn )i>i of i.i.d. random variables with the same 
law as W n such that 

W = W^ 

vv m,n yv n ' 

where G is a geometric random variable independent of the (W„ )»>i- Then, note 
that we have 

W mn = WP = W n . 



D 



Now we need to show that W m>n and W m coincide with high probability, so we 
introduce the event 

A m ,n = {£{m) = £(n) O 0z(K(m))}, 

on which clearly W m , n and W m are equal. 
Lemma 6.4. 

(6.3) swpF[A c m>n \0-SR] ^0 forn^oo. 

m>n 

Proof. Let us denote, recalling (15.21) 

Vj = < card M{^ £ L Ykl ( is a hj-tr&p} = i >, 

fc=0 

and 

Tl 

Vj' + = I card [j{£ e L Yk ,£ is a /i r trap} > i|. 

fc=0 
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Then we have 
(6.4) PL4^ n |0 - SR] < P[t£ + |l£'+0- SR]. 

Let us denote card Trap the number of traps seen before T\ , 



card Trap = card< I \ l G M Ly i \, 

i=0 



and its generating function by 



(p(s) :=E 



s cardT¥ap, _ g R 



The probability of A m>n can be estimated with the following lemma, whose proof is 
deferred. 

Lemma 6.5. We have 

Vm > n, F[V*> + \V£ + , - SR] < (f/{l) - <p'(l - r) n ). 

Now we have E cardTrap|0 — SR < E[ri|0 — SR]E[cardL ] < oo because of Re- 
mark [5U] and hence <p' is continuous at 1, and (16.31) follows from f)6.4p . D 

Applying Lemma 16. 5[ Lemma [6.31 and (16.31) we get, 

nW rn > 2/j0 - SR] = P[A m , n , W m>n > y\0 - SR] + o(m,n) 

= P[W 7 m , n >y|0-SR] + o(m,n) 

= P[W„ > y\0 - SR] + o(m, n), 

where sup m>n o(m, n) — > as n goes to infinity. 

The law of a random variable W^ can be defined as a limit of the laws of some 
subsequence of (W m ), since the family (W TO ) m >o is tight by Lemma [6T2l Then taking 
m to infinity along this subsequence in the preceding equation yields 

Vt > 0, P[Woo < 1 1 - SR] = ¥[W n < t|0 - SR] + o(l). 

This proves Proposition 16.11 D 

It remains to show Lemma [6.51 



Proof. Note that for i > 1, 

pfvflo-SR] TOrT/1 
P[V^' + |0-SR] 
P[V^|0-SR] 



(6-5) nv:\V^ + ,0- SR] = Jjl ± nV^ + K,0- SR] 



< 



< i 



P[Ki + |0-SRp L " '- 
P^IO-SR] V m 


v m \±± 


rjn ¥[Vy\0- 
PfV^O-SR] 


-SR] 
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we have 

£iP[^|0-SR] 

i>2 




= y, /, P[card Trap = j 

i>2 j>i 


|0-SR]iQt£( 


= 2^ J P [card Trap = j 
i>o 


- sr ]£(-':! 

i=2 v 


=i] n \^ jP[card Trap = j 

j>0 


o- S R]g( J : 


=r] n y^ jP[card Trap = j 

i>0 


- SR] (l - (1 - 


=TJn((f/(l) -(f/(l-Tjn)). 





rj n y- 1 



l V(i-im)°- 1) - < 



i-i 



*7n) 



Inserting this in (16.51) we get 

oo 

P^+l^+,0 - SR] = 5>M;|v£ + ,o - SR] 

i=2 

<-J2 iP\Yi\o - SR] = ^(l) - v/Q. - Tin), 

^ n i>2 

which concludes the proof of Lemma 16.51 □ 

We will need the following lower bound for the random variable Woo. 
Lemma 6.6. There exists a constant cw > depending only on (pi)i>o, such that 

P[W^ > 1] > c w . 

Proof. By Proposition 16.11 it is enough to show the lower bound for all W n . First let 

us notice that 

(6.6) 

" . n '1 

Poo 



¥[W n > 1 | - SR] > E 



Z(K(n)) + 1 



>(l-f'(g))E 



(Z(K(n)) + l) 2 



where Z(K(n)) is the number of offspring of Y K ( n y To show (16. 6p . note that the 
particle has probability at least f3/((3Z(K(n)) + 1) > l/(Z(K(n)) + 1) of going from 
Yk(tC\ to b(n) and when it comes back to Yjc( n ) again there is probability at least 
l/(Z(K(ri)) + 1) to go from Yk{u) to one of its descendants on the backbone and then 
there is a probability of at least p^ that a super-regeneration occurs. The event we 
just described is in {W n > 1} Pi {0 — SR}. For the second inequality in (16.61) . use 
P > p c = f (g)- 1 hence Poo = 1 - (3~ l > 1 - f (g). 

Now, we notice that the law of the Z(K(n)) is that of Z\ conditioned on the event 
{an h n — trap is rooted at 0}. Denote jo the smallest index such that j > 1 and 
Pj > (which exists since m > 1) and Z\ the number of descendants of with an 
infinite line of descent. All Z\ — Z* traps rooted at have, independently of each 
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other, probability r\ n of being /i n -traps, so that 

F[Z(K(n)) = jo] = P[Zi = jo | an h n — trap is rooted at 0] 
_ P[Z 1 =jp, BmjZj-Zlrin)^!] 

P [an h n — trap is rooted at 0] 
> Vn P[Z 1 = Jo ,Z 1 -Z*>l] 
P[an h n — trap is rooted at 0] 
Further, since P[Bin(Z! — Z^,r] n ) > 1] < Z^n, we have 

oo 

P[an h n — trap is rooted at 0] < \_. P[^i — Z\ — j]jr] n < mr/ r , 

3=0 

Putting these equations together, we get that 

V[Z 1 =j {h Z 1 -Z* l >l\ 



F[Z(K(n))= 3o ]> 



m 



The last equation and (16. 6p yield a lower bound for P[Woo > 1] which depends only 
on (p k ) k > . D 

7. The time spent in different traps is asymptotically independent 

In order to show the asymptotic independence of the time spent in different big 
traps we shall use super-regeneration times. First we show that the probability that 
there is a /i n -trap in the first super- regeneration block goes to for n — > oo. 

Define 

(i) B 1 (n) = {Vie[l,n], card{F Ti ,...,y ri+1 }<n £ }, 
(ii) B 2 (n) = {Vi G [0,n], cardLy, < n 2e }, 
(iii) B 3 (n) = {Vi G [0, Ti], W G L Yi , £ is not a h n -trap}, 
(iv) -84(72) = {Vi G [2,n], cardjly. | j G [Tj,Ti + i], contains a /i n -trap} < 1}, 
(v) B(n) = B 1 (n) n B 2 (n) n £ 3 (n) flB 4 (n). 

Lemma 7.1. Fore < 1/4, we have 

UnY] = o(n- 2 ) and F[B(n) c ] -> 0. 



Proof. Since r 2 — n (resp. ri) has some positive exponential moments and Bi(n) c C 

Utiki-r^tf}, 



^n)'] = o(n- 2 ) 



Using the fact that the number of traps at different vertices has the same law, 

1X1 

W[B 2 (n) c ] < P[Bi(n) c ] + 72 e P[cardL > n 2e ] < o{\) + n~ £ = o(l), 

where we used Chebyshev's inequality and E[cardL ] < E[Zi] < m/(l — q). 

Then we have 

P[5 3 W C ] < P[5 2 (n) c ] + n 3e /7 n = o(l), 
yielding the result using (j5.ip . since £ < 1/4. 

Finally, up to time n we have at most n super-regeneration blocks, on B\{ri) they 
contain at most n e visited vertices. But the probability that among the n £ first 
visited vertices after a super-regeneration time, two of them are adjacent to a big trap 



21 



is bounded above by n 2£ P[K > h n } 2 (here we implicitely used Remark (12. ip ). Hence, 
we get 

F[B A {n) c ] < P[5i(n) c ] + nn 2e {Crf~ l f = O^ 4 "" 1 ), 
yielding the result for e < 1/4. □ 

We define R(n) = card{Yi, . . . , Y a y } and l n the number of vertices where an /i n -trap 
is rooted: Z n = card<i G [0, A^],Ly. contains a /i n -trap>. Recall (12.21) and define 

(7.1) Ci(n) = {(1 - 7iT 1/4 )pn < i2(n) < (1 + n" 1/4 )pn} 

(7.2) C 2 (n) = {(1 - r^/ 4 )pOf (#" < /„ < (1 + n- £ / 4 )pC a nf (g)^} 

(7.3) C 3 (n) = (Vl < z < A£, cardjf G LyJ£ is a /i n -trap| < l} 
and C(n) = Ci(n) n C 2 (n) n C 3 (n). 

Lemma 7.2. For £ < 1/4, we /iai>e 

F[C(n) c ] -> 0. 

Proof. First, we notice that for z > and with the convention r := we have 

Z % := card{F ri+1 , . . . , Y n+1 } ± G (i) (Poo), 

where the geometric random variables G^ are i.i.d. Indeed at each new vertex visited 
we have probability at least p^ to have a super-regeneration time. Let us denote no the 
smallest integer such that A^ < r no , which satisfies no < n since |X ri+1 | — \X Ti \ > 1. 

no— 1 no 

Now, since the random variables Zj are i.i.d. and Y2 %% — card{Yi, . . . , Y a y} < Y2 %i, 



P 



card{Fi, ...,Y a y} 



n 



P 



> n 



-1/4 



<n 4 / 2 Var( Card{Fl "- yA " } 



n 



, 2fE| /ca J d{y 1 ,...,y Ay }y ■ 



<ri 



-3/2 



card{F 1? ...,F A y} 



n 



E I> -u z 



i=i 



no— 1 



t=l 



'^oyj ), 



<n- 1 / 2 (F[G(p 0O ) 2 ]+ J E;[G(p c 

yielding P[d(n) c ] -> 0. 

On Ci(ra) we know that there are i?(n) G [pn(l— n, -1 / 4 ), pri(l+ri _1 / 4 )] vertices where 
we have independent trials to have /i n -traps. Hence l n has the law Bm(i?(n), P[K > 
h n ]), where the success probability satisfies P[K > h n ] < Crf~ x has asymptotics 
given by Lemma 16.11 Now, standard estimates for Binomial distributions imply that 
P[C 2 (n) c nCi(n)] ->0. 

On 6*2(71), there are at most Cn £ vertices where (at least) one /i n -trap can be rooted, 
we only need to prove that, with probability going to 1, those vertices do not contain 
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more than two /i n -traps. Using the same reasoning as in Lemma 16.51 we get 
P[0 has at least two /i n -traps|0 has at least one /i n -trap, — SR] 
< f'(l) - f'(l - Vn ) < C Vn , 
where we used that E[Z 2 ] < oo, which implies that f"(l) < oo. 

The result follows from the fact that r) n = o(n~ e ) for e < 1/4. D 

Let us denote, recalling (13.11) . 

Din) = \ max H(£) < -^£-\. 

UeU i ^... A rL Yi U --lnf'(9)J 

Lemma 7.3. We have 

¥[D(n) c ] -* 0. 

Proof. Due to (13. 7p . we know that Q[H > _^°," J < n~ 2 , so using Lemma EH] 

P[D{n) c ] < F[A 2 {n) c ] + F[A 2 {n) n D{n) c ] < o(l) + ^n' 1 = o(l), 
which concludes the proof. □ 

On B(n) there is no big trap in the first super-regeneration block, on B(n) n C(n) 
all big traps are met in distinct super- regeneration blocks and C*2(n) tells us the 
asymptotic number of such blocks. Moreover on D(n), we know that to cross level n 
on a trap, it has to be rooted after level n — (— 2 Inn/ In f (q)). Hence using Lemma [7TT| 
Lemma I7.2[ Lemma 17.31 Proposition 12.11 and Remark 12.31 we get 

Proposition 7.1. Let Xt{ n ) be i.i.d. copies ofxo{n), see (4-D, and 
n = n — (— 2 In 77,/ In f (q)). Then we have 

(l-n~ s / 4 )p n C a nf'(g) h n (l+n-c/*)p n C a nf'(q) h ™ 

t=i j=i 



In the light of Proposition 15.11 our problem reduces to understanding the conver- 
gence in law of a sum of i.i.d. random variables. The aim of the next section is to 
reduce Xi ( n ) to a specific type of random variable for which limit laws can be derived 
(see Section [TO]) . 

8. The time is spent at the bottom of the traps 

We denote by Si(n) (resp. rooti(n), b»(n)) the leftmost bottom point (the root, the 
bud) of the i-th h n -trap seen which is called £j (n) . In a similar fashion Xi denotes the 
time spent in the z-th h n -tra,p met. 

We want to show that the time spent in the big traps is essentially spent at the 
bottom of them, i.e. during excursions from the the bottom leftmost point 5. In order 
to prove our claim, we introduce 

X*(n) = card{/c > | X k E £j{n), k > T 8j{n)) T &]{n) o 9 k < oo}, 

the time spent during excursions from the bottom in the j-th /i„-trap met. It is 
obvious that 

Xj{n) > X*j(n). 

We prove that 



2:>, 



Proposition 8.1. Fore < 1/4, we have that 



for all t > 0, 



P 



1 l(n) 



i=i 



> t 



0. 



In order to prove the preceding theorem, we mainly need to understand Xi( n ) an d 
X*{ n )- Note that Xi( n ) is a sum °f W 7 ™ successive i.i.d. times spent in £(n) and xt( n ) 
is a sum of W n successive i.i.d. times spent during excursions from the bottom of £(n). 
We can rewrite the theorem as follows 



U) 



where 



for all t > 0, 



P 



1 



Y^ v^ fyj _ t* j 

„lAy I / / / . A rooti(n) rooti(n 



i=\ j=l 



> t 







T rooi t (n) = { fc > | X fc G 4(n), card{A; < fc, X~ k+l = b;(n), X^ = rooU{n)} = j}, 
and 

T roo tl (n) = i k > ° I X fc G ^H> cardjfc < fc, X l+1 = bi(n), X~ k = rooU{n)} = j, 

k > T 5j ( n ),T 5j („) o 9 k < oo}, 

and (Wn ),i > 1 are i.i.d. copies of W n . 

Consequently, in this section we mainly investigate the walk on a big trap, which 
is a random walk in a finite random environment. Recall that root is the vertex 
Yft;( n ) on the backbone where £(n) is attached. Moreover set Q n [-] = Q[- | H > h n ], 
E Qn [-] = E Q [ | H > h n ], £»[•] := E&J-] and E Q J-] = E Qn [E-[]]. 

Remark 8.1. To ease notations, we add to all these probability spaces an independent 
random variable W n whose law is given by A6.2fy . under the law P[-|0 — SR] for n e 
NU{oo}. 

We will extensively use the description of Section [3], in particular we recall that a 
trap is composed of root which is linked by an edge to a h-Galton- Watson tree. 

We want to specify what £(n) looks like. Denoting 

[l + e)\nn- 



hl 



lnf'(g) 



consider 



(i) Ax(n) = {H< h+} 7 

(ii) A 2 (n) = {there are fewer than n e subtraps}, 

(iii) A 3 (n) = {all subtraps of £{n) have height < h n }, 

(iv) A(n) = Ai(n) n A 2 (n) n A 3 (n). 

Lemma 8.1. Fore < 1/4, we have 

Q n [A(n) c ] = o(n- £ ). 

Proof. First 

QnlMn)'] < 



Q[H > hi] < Cn _ 2c 



q[H> K 



o[n 
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Furthermore using Lemma [3 .2\ Lemma [3.41 and (13.71) . we get 
Qn[A 2 (n) c } 
<Q n [Ai(n) c ] + Q n [A 1 (n), there are n £ /h^ subtraps on a vertex of the spine] 



n~ 



<o(n- £ ) + h+C^—q 



nS / h n = ( n -n 



Finally 



Qn[A 3 (n) C ] 

<Q n [^2(^) c ] + Qn[A.2(n), there exists a subtrap of height > h r , 
<o{n~ £ ) + n £ i] n = o(n~ £ ), 



where we used ( 15. ip and e < 1/4. 

Using Chebyshev's inequality we get, recalling (17. 2p . 



D 



l(n) W« 



P 



< 



1 



>t 



1/7 I / ^ / .A rooti(n) rootiin) 

t=l j=l 

l(n) W ^ 

l{C 2 (n)}l{A(n)}J2J2W 
i=i j=i 

2pC a cpri 



-E 



tn l h 
<nC2(n) c ] + Q n [A(n) c 



'3 

rooti (n) 



rp*,j \ 

rooti (n) > 



tn x /7 



E[l{A(n)}(T,U 



(n) 



-nC2(n) c ]+Q n [A(n) 
T*' 1 )] 

rooti(n)/J' 



where cp = ^[G^oo/S)], implying E[Wir ] < eg. Hence using Lemma 18.11 and 
Lemma 17.21 

(8.2) 



n 



1 

V7 



/ j / j \ rooti(n) rooti 



M' 



»=i j=i 



> £ 



C 

7 



-n e - lh E Qn [l{A{n)}{Tl oti{n) -T^ oti{n) )] -> 



We have to estimate this last expectation. Consider an /i n -trap. Each time the 
walker enters the fo n -trap two cases can occur: either the walker will reach 5, or he 
will not reach 5 before he comes back to root. In the former case, T+ o4 — T*^ t is the 
time spent going from root to 6 for the first time plus the time coming back from S 
to root for the last time (starting from S and going back to root without returning to 
5). In the latter case, T+ ot — T*^ t equals T+ ot . This yields the following upper bound 

(8.3) 

E[l{A(n)}(T r + oot -T r *£t)] 
<E Qn [l{A{n)}E» oot [l{A(n)}T+ | T+ < T+ ot ]]+ E Qn [l{A{n)}E^T+ ot \ T+ ot < T+]] 

+ E Qn [l{A(n)}E? oot [T r + oot I T+ ot < If]]. 

To tackle the conditionings that appear, we shall use h— processes, see [9] and [21] for 
further references. For a given environment us let us denote h u the voltage (see [i~5] ) 
on the trap, given by h u (z) = P?[T? ot < T /L wi th h u (root) = 1 and h u (6) = 0. 
Then we have the following formula for the transition probabilities of the conditioned 
Markov chain 



2.1 



(8.4) P^X, = z\T r + oot < T 5 ] = ^MPyi^i = z], 

for y, z in the trap. 

We recall that the voltage is harmonic except on S and root. It can be computed 
using electrical networks: 

1 _ g-(H+l-d(root,yA5)) 



h u (y) = h UJ (yA6) = /r d(roo ^ M) - 



1 _ p-(H+l) 



In particular, comparing the walk conditioned on the event {Tg~ > T^ oot } to the 
original walk, we have the following: 

(1) the walk remains unchanged on the subtraps, 

(2) for y on the spine and z a descendant of y not on the spine, we have 

P^X, = V|T+ oi < T S ] > P^[X X = z\T r + oot < T 5 ], 

(3) for y £ {5, root} on the spine, we have 

P%[X X = V|T+ o4 < T f ] > pPflXt = t\T+ ot < T 5 ]. 

The points (2) and (3) state respectively that the conditioned walk is more likely 
to go towards root than to go to a given vertex of a subtrap and that restricted to 
the spine the conditioned walk is more than /5-drifted towards root. 

Lemma 8.2. For z G {5, root}, we have 

E Qn [l{A(n)}E»[T+ ot | T+ o4 < T+]] < COnn)^ 1 -^ 1 **. 

Proof. First let us show that the walk cannot visit too often a vertex of the spine. 
Indeed let y be a vertex of the spine, using fact (3), we have Py[T^~ > T+ ot |T+ oi < 
Ts] > Poo- Hence the random variable N(y) = card{n < T^ oot \ X n = y} with (X n ) 
conditioned on {T+ ot < T$} is stochastically dominated by G(poo), a geometric random 
variable with parameter p^. 

Furthermore, we cannot visit often a given subtrap s(y) G S y (recall I3~4"|) . Indeed, if 
we denote the number of visits to s(y) by N(s(y)) = card{n < T^ oot \ X n = y, X n+ \ G 
s(y)}, using remark (2) and a reasoning similar to the one for the asymptotics on 
A 3 (n) in Lemma [5.11 we have that N(s(y)) with (X n ) conditioned on {T^ oot < T$} is 
stochastically dominated by G(p OQ /2). 

Let us now consider the following decomposition 

N(s) 

* root = * spine + / J / _, ^s > 
sgsubtraps j'=l 

where T spine = card{n < T^ oot \X n is in the spine} = XLespine N(x), and BP S is the time 
spent in the subtrap s during the j-th excursion in it. Moreover, on A(n), the law of 
any subtrap s is that of a Galton- Watson tree conditioned to have height strictly less 
than i + 1 for some % < h n . Then Lemma [3.11 implies that for such a subtrap, E^^RP^ 
has the same law as 211^ which satisfies using Lemma [33] that EQ n [II*] < C(j3f (q)) 1 . 
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Moreover, on A(n), there are at most h* vertices in the spine and at most rf subtraps, 
hence 

E Qn [l{A(n)}EnT r + oot I T+ ot < T+}} < h + n E[G{ Poo )} 

+ h+rfE[G{p 00 /2)]C{^\q)) h -, 

and using (J3f (q)) h " < (^(1-^(1/7-1) we get 



E Qn [l{A{n)}E^[T+ ot | T+ ot < T+]] < C(ln 



n)n 



(l- e )(l/ 7 -l)+e 



D 



The previous proof is mainly based on the three statements preceding the statement 
of Lemma 18. 21 Similarly, one can show the following 

Lemma 8.3. For z G {5, root}, we have 

E Q MA(n)}E^[T+ | T+ < T+J < C(\nn)n^^-^. 

Proof. To apply the same methods as in the proof of Lemma 18. 2\ we only need that 
the /i-process corresponding to the conditioning on the event {T 5 + < T^ oot } satisfies 
that 

(1) the walk remains unchanged on the subtraps, 

(2) for y on the spine and z a descendant of y not on the spine, we have Py[X\ = 
-jt\T+ < T+J > P^X, = z\T+ < T+J, 

(3) for y j£ {5, root} on the spine, we have P^[A"i = ~tf\7f < T+ ot ] > /3P£[X t = 
y \T S < T root \. 

This immediately follows from the computation of the voltage h u , given by h w (z) = 
P z\ T i < T 7 + oot\i witn h u (root) = and ^(5) = 1. A computation gives 

f]H+l _ gd(yAS,S) 



(8.5) h u (y) = h u (d(yAS,S)) 



j3 H + l - 1 



D 



From (18.31) . Lemma [8.31 and Lemma [8.21 we deduce that 

(8.6) E[l{AH}(T+ ot - T^)] < Ci\nn)n^-^l^) + e 

Now using (18.61) and (18.21) we prove (18. lh . more precisely 

T!tlxM)-x%n) 



for all t > 0, P 



>t 



<o(l) + C(lnn)n 2£ - 1 - £(1/7 - 1) , 



n i/i 
and thus Proposition 18.11 follows for e < 1/4. □ 

9. Analysis of the time spent in big traps 

Let us denote Q n := Q[ ■ \ H = h° n ] where 

h° n =\\nn/-\nf(q)]. 
Note that 

i-r 1 

1 _ p~(H+l) 



(9-1) Pi(H) := jyp? < T+J 
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where we recall that the distance between root and S is 1 +H. Moreover let us denote 
(9-2) p 2 (H) := P?[T r + oat < Tf] = pn^p-v 

We have the following decomposition 

Bm(W n ,pi(H)) G(p2(H))^-l 

(9-3) Xl(n)= £ J2 T -' 

i=l j=l 

where Texl is the time spent during the j-th excursion in the z-th trap, which is 
distributed under Q n as T 5 + under Pg[ ■ \ Tg~ < T+ ot ] with u chosen according to 

Q n , for all {i,j). The Teli are independent with respect to P w and for i x ^ i 2 
(Texc )j>i and {Texc 3 )j>i are independent with respect to Q n . For fceZ and n large 
enough, let Z* be a random variable with the law of Xi( n )/P H under Q n+ fc and Z n 
be a random variable with the law of Xi( n )/P H under Q n+ ^. Furthermore we define 
Zoo '■= j%iEh ° c ' Prx ' ei, see ( 11.31) . where (ej)j>i is a family of i.i.d. exponential 
random variables of parameter 1, chosen independently of the (independent) random 
variables S^ and W^- Our aim is to show the following 



Proposition 9.1. We have 






Moreover there exists a random variable Z sup such that 



'l-e 

J 'sup 

and 



E \ z \uv\ < °°. foranye>0, 



for n £ N and k > —n, Z n ^ Z sup . 

Let us start by proving the convergence in law. The decomposition (19.31) for Xi{ n ) 
can be rewritten using (19.21) 

(9 4) Y*An) = 3 H T — - — M ' V T^ 

\y. V xi\n) p 2-. l _ /3 -i pB-p-ii-^H) f^ exc ' 

which yields an explicit expression of Z%. We point out that E[G(p 2 (H)) — 1] = 
(1 — p 2 (H)) j p 2 (H) . The convergence in law is due to the following facts (more precise 
statements follow below): 

(1) For H large, 

(l-r^x/^-i) i 

(l-/3-i)(^-/3-i) -i-0-i' 

(2) By the law of large numbers, we can expect 

G(p 2 (H))W-l 

i=i 

(3) Since p 2 (H) is small, (G(p 2 (if))« - l)/E[G(p 2 (H))® - 1] « e ; , 

(4) E$[t£P] « S^ for H large enough, 

(5) Bin(W n , p\(H)) p» BiiiiWoo.poo) since W n — > W^ by Proposition [6J] and 
Pi{H) — * Poo as if goes to infinity. 
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Fact (1) is easily obtained, since for £ > 

r l l - 0~ H+1 B H - 1 l i 

(9.5) Q„[(l-0— < ^p ^_ / ,. 1 < T - Fr ]=l, 

for n large enough. 

We start by computations with the measure Q n and we will be able to come back to 

For (2) and (4), we need to understand P$[-\T^ < T r ^ ot ] and to this end we will 
consider the /i-process associated with this conditioning. Recall the voltage h w given 
as h u (z) = P^[T S < T root ], with h u (8) = 1 and h w (root) = 0, see fl53|) . 

We shall enumerate the vertices of the backbone from to H + 1, starting from 5 
up to root. With these new notations formula (18.51) becomes 

(9-6) h"(y) = h"(yA5) = P (3H+1 ^ i , 

where y A 5 is identified to its number which is d(y A 5, 5) as it is a vertex of the 
backbone. 

The transition probabilities are then given as in (j8.4p . Obviously they arise from 
conductances, we may take 

(i) c(0,l) = l, 
(ii) c(i, i + 1) = c(i - l,») gi^!;g;gj , for 1 < i < H, 

(iii) c(i, z) = c(i, i — 1) „J, Y — T^F+ £+* h for 2 7^ on the spine and z one of its 
descendants which is not on the spine, 

(iv) c(y, z) = (3c( y , y) for any vertex y not on the spine and z one of its descen- 
dants. 

We can easily deduce from this that for y 7^ root in the trap and denoting z = 
5, . . . ,z n = y the geodesic path from 5 to y: 

n-l nwfy ~ \T+ ^ /7-1+ 1 

^zA^l — z j+l\ I 8 < l ro 



c(z n -i, y) = \l 



root! 



' y ' J. J. vuj w . — -, . \ r r+ ^ ^r+ 1 ' 

root J 



^P-[X 1 = % _ 1 |T+<T J 
which gives using (19.61) that 
(9 . 7 ) e (j , i + l)= r M±2)M = B S ~ /*")<! - fl--" 



ft(l)A(0) (1 -/3-»)(l -/?-(«+D) ' 

For a vertex z not on the spine, we have 

C(z, *F) = pd(%zA5) J<^>) c{z A6iZA6 _ 1) 

h(zA5-l) 

<_ 1 _ f>zhS-(H+l) 

( 9 - 8 ) ^^ ii^iy ^H^f-i). 



Together with Lemma I3TT| this yields, with T exc a generic random variable with the 



law Of Texc 



(1,1) 



(9.9) e 5 [t_] - 2 2^ /? (1 _ /3 _^ )(1 _ /3 _ (H+1)) ^1 + YZr^^WW)^^ 



i=0 
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where A, was defined in ( 13.51) . 

We see that the random variable Soo is the limit of the last quantity as H goes to 
infinity. More precisely, using (19.91) we have < S^ — Ef [T exc ] and for n large enough 
such that 

tOT a11 k * h «/ 2 ' VV-)(l-<H*-+'>) - 1 " w • 

we get 



+ 2( J] 0"<(1+A, 

i=/i„/2+l 

oo 

4r W2 (^r 4 (i + A,)) + 2( ]T r i (i + A,)). 



i=/i„/2+l 
h„/2 

< 

i=0 'i=h n /2+l 



Hence, since S^ > 1 and using Chebyshev's inequality, we get 
(9.10) Q n [(1 - OSoo < E^[T exc ] < S^] > 1 - CUSoo - Ef[T exc ] > £) 

1 ID 

>l--f3- h ^ 2 ——- 1 su P E Q [l + A l } 
£ 1 — p i>0 

= l + o(l), 

where we used Lemma [3.51 and the fact that e < 1/4, this proves (4). 

In order to prove (2), we have to bound E^\Tf\ from above. This is not possible 
for all u, but we consider the event 

A 5 (n) = [E^Tl] < n 
and show that it satisfies the following. 
Lemma 9.1. For < e < min(l/3, 27/3), we have 

Q n [A 5 (n) c ] -+ . 

Proof. In this proof we denote for y in the trap, N(y) the number of visits to y 
during an excursion from 8, which is distributed as card{0 < n < Tg~\X n = y} under 
P%[\T+ <T+ ot \. We have 

j/Gtrap 



< J2 E- 5 [N{yfYl 2 E^[N{zfYl 2 

zGtrap 

J2 EttN(y) 2 ] l/2 ' 



j/Gtrap 

Now fix y in the trap, denote q x = P?[T+ < T+|T+ < T+ oot ] and q 2 = P£[T+ < 
T+\T+ < T+J. Then we have 

Vk > 1, Pf[N{y) =k] = gi (l- q 2 ) k - 1 q2. 
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Hence 

EsMy) 2 } =J2n\(l - q 2 T~% = q^ < ?* 

n>l g 2 g2 

Then by reversibility of the walk, if 7? is the invariant measure associated with the 
conductances c, we get q\ = 7r(S)qi = n(y)q 2 . This yields 

(9.11) E%[N(y) 2 ] < ^M. 

Furthermore we have 

(9.12) q 2 > (l/{Z 1 {y)f3 + l)) Poo p- d ^ SA ^/2. 

Indeed suppose that y is not on the spine, otherwise the bound is simple. Starting 
from y, we reach the ancestor of y with probability at least (l/(Zi(y)[3 + 1)) then the 

walker has probability at least /3 _d ^' yA<5 - ) to reach y/\5 before y, next he has probability 

> 

at least 1/2 to go to y A 5 before going to z, where z is the first vertex on the geodesic 

> 

path from y AS to y. Finally from y A 5, the walker has probability at least p^ to go 

> 

to 5 before coming back to y A 8. 

We denote by 7r the invariant measure associated with the /3-biased random walk 
(i.e. not conditioned on T 5 + < T+ ot ), normalized so as to have 7r(<5) = 1. Then we 
have 

(1) For any y in the trap, n{y) < n(y) because of (19 .7p and (19.81) . 

(2) and by definition of the invariant measure (Z 1 (y) / 5 + l)/3 d(5 ' M ^ ) - dfe ' Mj/) = n{y). 

Now plugging (2) in (19.121) yields a lower bound on q 2 which can be used together 
with (1) in (19TTTJ) to get 

Et[N{y) 2 ] < C(3 d ^^n{y)\ 
and 

e u s[tL] 1/2 < c Yl P d(5My)/ My)- 

i/gtrap 

As a consequence, with A(n) as in Lemma [8. II we get 

ht 

E Qn [l{Mn)}EnT 2 J} < CE Qn [l{A{n)}^- l/2 K 

h+ 

< cY,(P l/2 ?(<i)y 

j=0 

<Cmax(l,(/? 1 / 2 f'(g))^), 
where we used Lemma 13.11 and Lemma 13.41 for the first inequality. 

Since (/3 1//2 f (q)) hn = 7i( 1+£ ^ 1 / 27-1 ) , we get by Chebyshev's inequality that 

Q n [l{A(n)}EnTL} 1/2 >n^} < 4^E^il{A{n)}E" 5 [T^] 

n 2 ~t 
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The conditions on e ensures that this last term goes to for n — > oo. Hence 

P[A(n) f] A 5 (n) c ] ^0 
and the result follows using Lemma 18.11 □ 



We now turn to the study of 



P2JH) 

l-V2{H) 

Consider the random variable 
(9.13) N g 



G(P2(H))-1 



/ j exc' 



t=l 



An(l-p 2 (H)) 

where e is an exponential random variable of parameter 1. A simple computation 
shows that N g has the law of G(p2{H)) — 1. 

Set £ > 0, we have using Chebyshev's inequality, 



JV 



Q n [(l -0N 9 E%[T exc } < J>« < (l+0N 9 E%[T e: 

Zji=1 ±exc 



i=\ 



>1-Q 



N n 



E%[T exc ] > ZE%[T exc ],N g ? 0,E^[T e i c ) < 



7V 



Q n {E"[Ti c ] > n 



(l-2e)/71 



Qn[N g = 0] 



>E, 



Q„ 



n 



(1-2*0/7 



iV„ 



W ^ °> « - Q»[tf"ECJ > ™ (1 ~ 2e)/ 1 - <W = o]. 



e 2 



We have Q„[iV 5 = 0] = p 2 (#) < p 2 (/i n ) < Cn^ 1- ^ In n, and hence 



£, 



Q„ 



l{iV 9 ^ 0} 



iV„ 



E 



p 2 (#) 



l-p 2 (#) 



\np 2 {H) < Cn- {1 ~ £)/ ~<{\nn) 2 . 



Putting together the two previous equations, using Lemma IDTTl we get for £ < 1, 



N a 



(9.14) 



Qr. 



(1 - £)N g E«[T exc \ < J2 T® < (1 + QNgEfF* 



t=i 



1. 



This shows (2). Turning to prove (3), we have 

1 



Qn (1-0 



-ln(l-p 2 (#)) 



< 1 -^ e<(l + Q 



P2(H) 



\n(l -p 2 (H)) 



>l"Qr 



1-e 



1~P2(^) 

p 2 (if) -ln(l-p 2 (#)) 

l-p 2 (H) l+£ 



e< 1 



-Q 



p 2 (H) -\n(l -p 2 (H)) 



e> -2 
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furthermore since 



i-p 



p — ln(l— p) 

for n large enough with p 2 (^n) < £±, we get 

(9.15) 

1 



is bounded on (0, £i) by a certain M > so that 



>1-Q„ 

>exp 



i-0 



-ln(l-p 2 (F)) 

i 

ln(l-p 2 (#)) 
2 



l-p 2 (H) 
< ^-^e < (1 + 



P2(H) 



1 



m(l-p 2 (#)) 



Me < 1 



*°4n 



£ 



-ln(l-p 2 (#)) 

> 1 - (C/Z)p 2 (h n ), 



+ M e > -2 



e/(-ln(l-p 2 (/i n )))-M- 
which shows (3). 

As a consequence of (19.101) . (I9.14p and (I9.15p . we see that for all £ G (0, 1) 

N 



(9.16) 



Q, 



1 - t)S„e < t^%, E ^PSJ < (1 + O^oce 



for n ->• oo. Using (19^2]) . (l9~T6l) and J23J we get 



1 



N„ 



(9.17) 



Q 4 (1 -^%^^ ll - (1 + l^ e 



t=i 



^J 



for n — > oo, which sums up (2), (3) and (4). For any k > —n, the equation (19.171) 

obviously holds replacing n with n + k, and since 

Q, n [H = |~ln(n + k)/lnf'(q)~\] > c^ > (this follows from Lemma [3. 3p . we have 



>J|Yl6 



(9.18) Q n+fe [(i -Oj-fkr ^ «ifE^ T a ^ t 1 + o 



8=1 



i^F 1 



1. 



Only part (5) remains to be shown. Coupling Bin(W / n ,p 00 ) and Bin(W n ,pi(H)) in 
the standard way, 

Q n+k [Bm(W n , Poo ) ± Bm(W n , Pl (H))} 
<J2nW n = j]Q n+k [Bin(j, Poo ) ± Bm(j, Pl (H))] 

j>0 

<X>[Wn = j]j (Pl(h° n+k ) ~ Poo)) 
j>0 

<E[^]( Pl (C fc )- Poo ) 
<C (pi(/i° +fe ) - Poo) -»• 0, for n -* oo 
where C := E[G(j>oo/3)] > E[W n ] by Lemma E2 Hence, 



Q 



n+k 



Bin(W n , P1 (H)) G(p 2 (H))-l 



RH 1^ 



P 



i=l 



£ T - * t 

3=1 



Qn 



+fc 



Bin(W„,Poc) G(p 8 (#))-1 
j=l j=\ 



P 



For £i > 0, introduce iV(ei) such that max^ P[W„ > iV(ei)] < (1 -p«,/3)^ ei ) < 
£i and using the independence of W n (for n6NU {oo}) of the trap and the walk on 



3:5 



the trap, we get for any E\ > 0, 

Bin(W„,po ) G(p 2 (H))-l Bm(W ac , Poo )G{p2{H))-l 

Qn+fc "Fh 7 /_^ /_^ T ex ' c >t- Q n+k —^ 2_^ 2-^ e * c — * 

" i=l j=l " i=l j=l 



< 



< 



^(P[^„ = j] - P[Woo = j])Q n+fe -^ £ £ l£? > t 



Bm(j, Poo )G(p 2 (H))-l 



j>0 



ft 1 



J2 (nw n = j] - pt^oo = j])Q n+k w J2 E r « > l 



i=l j=l 

Bm(j, Poo ) G(p2(H))-l 



je[0,JV(ei)] 



/3 J 



j=l j=l 



Si 



and the right-hand side goes to E\ as n goes to infinity since 

max |P[W" n = j] - P[^oo = j]| -► 0, 

3<N{ei) 



by Proposition 16.11 So letting E\ go to 0, we see that 
(9.19) 



Qn 



+k 



Bm{W„,pi(H)) G(p 2 (H))-l 



3=1 



^ E 

^ i=i 

Let us introduce 

A(£) ={for all 2 G [^BinCWoo^oo)] 



Q 



n+k 



Bin(Wa a ,Pa a )G(p 2 (H))-l 

~^h 2.^1 2.^1 exc — 

i=l j=l 



P 



1 



G^{p 2 {H))-l 



(iJ) 



^ i=l 



Or> 



l-O^e.d+O^e,]} 



P 



(3- 



where (ej)j>i is a sequence of i.i.d. exponential random variables of parameter 1 which 

satisfy 

G®(p2{H))-l= ~ l ■ 

Lln(l-p 2 (-ffj) 

We have, denoting oi(l) the left hand side of ( 19. 19ft 

Qn+kiMO] > E P [ Bin ( W oo,Poo) = »1(1 - Ol(l)) J 
j>0 

> ^PfBinCW^,^) = z](l - z 0l (l)) 

= 1-E[IVo ]oi(1)->1 forn^oo. 
Hence, for any £ > 0, we get 

Bin(W„,pi(tf)) G(pa(fl))-1 
P i=l j=l 

and 



Bin(Woo,Pcx)) 



j=i 



i+e 



Bin{W n ,pi(H)) G(p2(H))-l 
Qn+fc ^77 2_/ Z_/ e:c ' c — 

i=l j=l 



1 



X 



p 



Bin(W / 00 ,p 00 ) 

1^ 5 c '^ 



i=i 



i-e 
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Concluding by using the two previous equations with £ going to 0, we have the 
following convergence in law: 

Bm(W n , Pl (H)) G( P2 (H))-1 Bin(WWoo) 

z k = — V V tM -4 °° V p. 

n ~ qh Z_^ Z_^ exc i _ g-i Z_^ *' 

v i=i j=i ^ t=i 

where we recall that Z n has the law of Xi( n )/P H under Q n+fe and the e^ are i.i.d. expo- 
nential random variables of parameter 1. This shows the first part of Proposition 19. II 

Now let us prove the stochastic domination part. First notice that 

Bm(W n , Pl (H)) ± G( Poo /3) and E%[T X \ ± T™ c , 

where T™ c is distributed as the return time to 5, starting from 5, on an infinite trap. 
Hence for k > —n 

G( Px /3)G( P 2(h° n+k )) 

n - gK +k L> ^ exc ' 
P i=i i=i 

where (T^c )i,j>i are i.i.d. copies of T e ^ c . Now recalling that Yli=i G(bp l > has the 
same law as G(ab), where all geometric random variables are independent, and using 
the fact that 

P h U > cE[G( Poo p 2 (h n+k )/3)], 

for some c = c{0) > 0, we get 

G(p oaP 2(hl +k )/3) 

n ~ E\G{ Poo p 2 {hl +k )/3)] ^ 

Now, we prove the following technical lemma 

Lemma 9.2. Let (Xj)j>o a sequence of i.i.d. non-negative random variables such that 
E[Xi] < oo and set Yi := (X\ + ■ — h Xi)/i. Then there exists a random variable Y sup 
such that 

for all i>0, Yi< Y sup , 
and E[Y^ £ ) < oo for all e > 0. 

Proof. Using Chebyshev's inequality we get that for any % > 0, 

for all t > 0, P[Fi > t] < -E[X X \. 

If we choose y sup such that P[Y sup > t] = min(l, E[X\]/t) for x > 0, then F sup 
stochastically dominates all Y n and has a finite (1 — e)-th moment for all e > 0. □ 

Now we apply this Lemma to the random variables T e ^? t which are integrable 
under P and we get a certain random variable T sup . We add to our probability spaces 
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a copy of T sup which is independent of all other random variables. Then for any t > 0, 



G(PocP2« +fc )/3) 






fc>0 



E[G( PooP2 (^ +fc )/3)] ^ 



C E[G( Poo p 2 (C)/3)] Tsup " * 



fc > L -^[w VFoo ^ v ,<, n+fc 

^ ,,, | G(jw? 2 (/i° +fc )/3) ■ 



and since VooP2{h^ l+k ) /3 < 1/3, we can use the fact that for any a < 1/3 we have 
G(a)/E[G{a)\ ■< 3/2e. This shows that 

/j 

for all n > 0, and fe > — n, Z n ■< CeT sup , 

where e and T sup are independent, so that the right-hand side has finite (1 — e)-th 
moment for all e > 0. This finishes the proof of the second part in Proposition ECU □ 

10. Sums of i.i.d. random variables 

This section is completely self-contained and the notations used here are not related 
to those used previously. 

Set (3 > 1 and let (Xj)j> be a sequence of i.i.d. integer- valued non-negative random 
variables such that 

(10.1) P[X X >n}~ C x [3-~ fn , 
for Cx G (0, oo) and 7 > 0. 

Let (X^)i> be a sequence of i.i.d. integer-valued non negative random variables 
with the law of Xi conditioned on Xi > /(/), where / : N — > N is such that I — f(l) — > 

OO. 

Let [Z\ )j>o,/>o be another sequence of i.i.d. non-negative random variables and let 
Z\ have the law of Z\ under P[ ■ \ X\ — / + k], if this last probability is well 
defined, and as Z\ =0 otherwise. Define 

(10.2) for k G Z, I > 0, F~k\x) := P[zf ] ' (k) > x], 

We introduce the following assumptions. 
(1) There exists a certain random variable Z™ such that 



J oc 



for all k G Z and I > 0, zf Uk) -i Z^. 



(2) There exists a random variable Z sup such that 



(j),(k) 



for all/ > 0, jfc > -(/ - /(/)) and i > 0, Z< w ' w ^ Z 
and i?[Z^+ e ] < 00 for some s > 0. 



sup; 
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Moreover set 

n 

r f "> = 4V'" and s? = ^yw, 

and for A G [1, (3), (Xi)i>o converging to A and I G N, define 

jV/ A) = [A7/3^-^))j ; 
K[ x) = \(3 l . 

Finally we denote by F^ix) = PlZ^ > x] the tail function of Z^. 

Theorem 10.1. Suppose that 7 < 1 and Assumptions (1) and (2) hold true. Then 
we have 

q(l) 
N W 

for all AG [1,(3) and {Xi)i> going to A, — ^- -> 3(d\, 0, C\), 

where 3 is an infinitely divisible law. The Levy spectral function £\ satisfies 

(10.3) for all A > and x G R, £\(x) = AT£i(Ax) and Cp{x) = Ci(x), 

and 

( ifx < 0, 

(10.4) &(x) = I _(l - /3-7) ^ t pr' k F 0O (xl3 k ) ifx>0. 

^ fcez 

In particular, 3(d\, 0, £a) 2s continuous. Moreover, d\ is given by 

(10.5) d A = A 1+7 (l-/T 7 )^/3 (1+7)fc £ r Z 

fcez 



(A/3 fe ) 2 + ^J- 



The fact that the quantities appearing above are well defined will be treated in the 
course of the proof. 

In order to prove Theorem 110.11 we will apply Theorem 4 in [2], which is itself a 
consequence of Theorem IV. 6 (p. 77) in [17| . 

Theorem 10.2. Let n(t) : [0, 00) -> N and for each t let {Y k (t) : 1 < k < n(t)} be 
a sequence of independent identically distributed random variables. Assume that for 
every e > 0, it is true that 

(10.6) limP[yi(t)>e] = 0. 



t^oo 



Now let C(x) : R \ {0} — > R be a Levy spectral function, d E R and a > 0. Then the 
following statements are equivalent: 

(i) 

n(t) 

lim \~^ Y k (t) -> X d ^ c fort -> 00 
fc=l 
where X d;(T> £ has law 3(d, a, C). 
(ii) Define for r > i/ie random variable Z T {t) : = Y" 1 (t)l{|y L (t)| < r}. TTien i/a; 
zs a continuity point of C, 

r( . _ f lim^oo n{t)P \Yi{t) < x] , for x < 0, 
L ' {X) \ - lim^oo n{t)P [Fi(t) > x] , /or x > 0, 
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a 2 = limlimsup (n(t) Var(Z T (t))) , 



and for any r > which is a continuity point of £(x), 
d = lim n(t)E \Z T (t)} + / -JL-^dC(x) - / -J0—^dC(x). 

n -*°° ' J\x\>r 1 + X Jr>\x\>0 1 + ^ 

The condition (110.61) is verified in the course of the proof, in our context n(t) goes 
to infinity. 

10.1. Computation of the Levy spectral function. Fix A G [l,/3) and assume 
that x > is a continuity point of £\. We want to show that 



(10.7) - lim N\ X) P 



Ki» 



> X 



Cxx). 



The discontinuity points of C\ are exactly C\ = {(f3 k y n )/X, fceZ, n G N} where 
{y n , n G N} are the discontinuity points of F^ (these sets are possibly empty). 

Let us introduce 

(10.8) forfcGZ, 4° :=P[X[ l) >l + k]. 

Since iV z ~ (A/3'~^) 7 , we can write, recalling (H0.2p 

Y m 



-J2Hk> -(i - f(i))Wf(w- k )^ l - m (4° - 41) ^ 



Now recalling (110. ip and fll0.8j> . we see that for / — > oo, 

k 



;io.9) pQ-nWaP -> /T 7fc 



using / — /(/) — ► oo, the fact that \xf3 k is a continuity point of Foo (because x > is 
a continuity point of £a) for any k and Assumption (1), we see that for all k G Z 

1{* > -(I - /(/))}Fi°(Ax/3- fc )^-/W)(4' ) - a^ 

(10.10) -^(Ax/T^/T^l - /T 7 ) for I -»■ oo . 

In order to exchange limit and summation, we need to show that the terms of the sum 
are dominated by a function which does not depend on I and is summable. Recalling 
Assumption (2) and using (fTCUl) we see that P< l -H l »af < Cif3~ lk and 

-W {l) (\^R-^ m (i-f(i))fJi)_Ji) 



J2 Hk > -(I ~ f(l))}Ff(Xx(3- k )0-^ ( 



a k ' a k+l 



fcgZ 



<Cj2 F S n P (Xxp- k )f3- 



■yk 
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where F sup (x) = P[Z sup > x\. This last sum converges clearly for k — > oo, and to 
show that it converges for k — > — oo we simply notice that for any y > 

0<fc<Lln(Z SU p/«/)/l n/ 3J 



J2E[Hz S n P >y(3 k W k = E 

< (1 - j3~y)- 1 E\jJ rHZaup/y)/laP ] < oo, 



fc>0 



since we assume that E'fZ^ 6 ] < oo. 

Hence we can exchange limit and sum. Using (110.101) and the fact that l — f(l) — > oo, 
we get 



- lim N^P 



y; 



(0 



K\ 



(A) 



> X 



-\\l-/3-<)J2Foo(\xP k )P 



jk 



A-tl 



and, taking into account (1 1 . 3 j) . this proves (110.71) . 



10.2. Computation of d\. Fix A G [1, 0). Since the integral J Q r xd£\ is well defined, 
it suffices to show that for all r G C\, r > 



'10.11 



d\ = lim 



Nl 



(A) 



-E 



<l)lf V (l) 



ywi{yw < r ^W} 



Mi 



„ Id W„ rfp 



First let us notice that N^ / K[ X) ~ (A/30 7_1 /3~ 7/(O - We introduce 



c2£a. 



10.12) 



for all u > 0, 



<?«(«) = £ 



(0 



z} i; i{zi' J <w}|x[' J = ;fc + q. 



Considering the first term in (110. lip , we compute 

^(7-i)H/(0 E [y(')i{v(') < rA/3 ' } " 

= £ 1{* > -(I - /(Q)} [(4° - 4 Z |i)^ (Z - /(0) ] ^(tA/T*). 



Using / — /(/) — > oo, (110. 9p and Assumption (1), we see that for all k G Z and 
tGC a , 



(10.13) 

where 
(10.14) 



1{* > -(? _/(0)}[( a «- a^)^-^)) 



P k G®{r\p- k ) 



Once again we need to show that we can exchange limit and sum, which amounts 
to find a summable dominating function which does not depend on I. Using the fact 
that for u > 

Gf{u) < u and p-^-^ k Gf{up- k ) < p £k u l -~<- £ E[Z2+ v % 



:Y.) 



(to see the second inequality, use E[Y1{Y < s}} < s a E[Y 1 a l{Y < s}] with a 
1 — 7 — e)), we get that 

J2 l{k > -(l - f(D)}[(4 ] - 4l)^ (l - m }^\rX(3- k ) 

fcgZ 

<C (rX £ P- Jk + {t\) x -^E[Z1£\ Y P ek ) < oo, 

fe>0 k<0 

due to Assumption (2). Hence recalling (J10.13J) . we get that for r G C\ 

N W r , 

(10.15) lim -^E Y} l) l{Y} l) < tK[ x) } = X^\l - /T 7 ) ^/^-^(rA/?*). 



Furthermore, recalling fll0.3[) and (110. 4p . we get for r G C\ 

xdC x = X i {l-p-~<) [ x^/? 7fc d(-F 0O )(Ax/5 fc ) 



X<T 



fcez 



A^-i(i _ 0-r) VV 7 ~ 1)fc / Xxi3 k d{-F 00 ){Xx(3 k ) 



kez 



\~*-\l - p-^)J2^' 1)kG oo(r\p k 



and this term exactly compensates for (110.151) . Hence, we are left to compute in a 
similar fashion, 



(h 



x 



-dC) 



, 1 + x 2 

f°° T *r-^ — 

=A 7 (1-/T 7 )/ -—V/^-J^XAatf* 
Jo ! + x t£ 

Xx/3 k 

L WW) 

fcez 



=A 1+7 (l-/r 7 ) J]/3 (1+7)fe / 



(Xf3 k ) 2 + (Xx(5 k ) 



,d{-F 00 ){Xx(5 k ) 



=A 1+7 (l-^ 7 )^/5 (1+7)fc E 



A-tl 



(A/? fc ) 2 + Z£, 



This sum is finite since the terms in the sum can be bounded from above by 
d(A)/3- £fc £[Z 7 + £ ] and C 2 (A)/3 7fc , where d(A) = ma Xl > (x 1 " 7 /^ 2 + x 2 )) and C 2 (A) = 
max 3: >ox/(A 2 + x 2 ). The first upper bound is summable for k — > oo, the other for 
k —>■ — oo and so g^ is well-defined. 

10.3. Computation of the variance. We show that for any A G [l,/5) we have 

(10.16) ct 2 = limlimsup — ^Var (y} 1) 1{yI 1) < tKJ X) }) = 0. 

—o ^ (^ A ))2 V Li- j jy 

First, using (110.151) . let us notice that 



(10.17) 



lim — k^E 

'— (K W)2 



-(0i rv(') 



ywi{yw < r ^w } 



(A)- 
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Further, we have iV"/ A) /{K^f ~ (A/3') 7 ~ 2 /3~ 7/(0 - Define 

for all u > 0, HJ!\u) = E (z[ l A l{z[ l) < u] \ x[ l) = k + l 
We compute 

^-2)l-jf(l) E U Y (l)\\ {Y (l) < tX(3 1 } 

= J2Hk> -(I - f\l))}^- 2)l -" m P 2{k+l) H!\r\p- k ) (a? - af + 
fcez 

By ( 110. II) we have a k ^7(*-/(0) < Cif3~ lk , hence the terms of our sum are bounded 
above by C 1 ^ 2 -^ k H < i\rXl3- k ). Note that HJP(u) < u 2 , so that 

p{*-T)*H®{r\p- h ) < (3^ h (rX) 2 , 
which gives an upper bound for k > 0. On the other hand, Assumption (2) 

These inequalities imply that 

limsup — ^ Vax(y 1 (0 l{y 1 (0 < rK^}) < C 2 r 2 ^- e , 

where C 2 is finite and depends on e and A. Hence letting r go to yields the result, 
since in Assumption (2) we can assume e to be as small as we need in particular it 
can be chosen such that 2 — 7 — e > 0. 

11. Limit theorems 

11.1. Proof of Theorem 11.31 Assume e < min(l/4, 27/3). For A > 0, we will 
study the limit distributions of the hitting time properly renormalized along the sub- 
sequences defined as follows 

iorkeN, n x {k)=[Xf'(q)- k \. 

First, recalling H 9 . 3 f) . using Proposition 19.11 and Lemma 13.31 we can apply Theo- 
rem COED to get 

(11.1) for any (Aj)j>o going to A, — — ^ Xi( n M) ~> Y d x fi,c x , 

" i=\ 

where f(k) := h nx (k) = |~ — (1 — e) ^(n\(k)) / In f (q)] and y"d A) o,£ A is a random variable 
whose law 3(d\,0,£\) is the infinitely divisible law characterized by (110.31) . (110.31) 
and (110.5J) . where Z^ is given by (11.3H . 

Using Proposition 18. 1[ (111.11) still holds if we replace Xi( n ) D Y Xi( n )- 

Recalling Proposition 17.11 we have 

L(l+o 1 (l))VC a f'(< ? r (fc ~' l ™A('0 ) J L(l+"2(l))ApCaf'(g)" ( ' : "' l ™A('=) ) j 

Yl Xi(n\(k)) ■< Xn x (k) ■< Yl Xi(n\(k)), 



i=l i=\ 
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where 

1 + -W = (1 ~ ^7 ArSPFfcF - d 1 + -W = <> + 2 "^»7 AF5P' 

writing n for n\(k) = \_Xf (?) J and n = n — (— 21nn/lnf'(g)). 

Hence both sides of the previous equation, properly renormalized, converge in dis- 
tribution to the same limit law, implying that (the law of) x{ n ) converges to the same 
law as well. Recalling (15.31) . this yields for any A > 

xKW) d 

(pC a n x (k)y^ * <W)V7A£ (pCaA) i/ T > 
where Y d H%Qf c h is a random variable with law 3(d (pCoA) i/ 7 , 0, £ (pCaA) i/ 7 ) and 

we used that /3 7 = l/f(q). 

Then by Proposition 15.14 we get that 

A n A (fc) d^ y 

(pC a n X (k)y/-f " VaA)l/^ ' £ (pC a A)l/7' 

which proves Theorem 11.31 D 

We note for further reference that 
(11.2) 3(d\, 0, C\) is continuous 

This follows from Theorem III. 2 (p. 43) in [T7], since, due to (110.41) . lim£ 1 (x) = — oo. 

11.2. Proof of Theorem 11.21 In order to prove Theorem 11.21 assume that 
(A n /n 1//-7 ) n >o converges in law. It follows that all subsequential limits are the same, 
so that 

for all A G [1, (3) and x G R + , C x {x) = A 7 £i(Az). 

Plugging in the values A = /3 1 / 3 and x = (3~ 2 ^ gives 

(n.3) J2 r ^ kp ^ > ^ 2/3 ] = f (9)" 1/8 Z)f(9)"*^[^oo > p k - lf % 

We will show that for j3 — > oo, the right hand side and the left hand side of (111.31) 
have different limits. First for k > 1, using Remark 16.11 we see that 
(11.4) 

p^ > p k ~^} < ^-"EiZoo] < p 1 / 3 -*E[s 0O ]E[G(p 0O /3)] = /r (fc ~ 1} o(/r 1/3 ), 

for (3 -»• oo where 0(p-^ 3 ) = /r^E^^^G^/S)] does not depend on k (recall 
Proposition 13.11 to see that EfSoo] is bounded in (3) . In the same way, 

(n.5) pfZoo > f3 k - 2 / 3 } = /r^-^cK/r 1 / 3 ), 

for O(-) independent of k > 1. 
Hence, 



(11.6) lim V r{q)- k P[Z 00 > [3 k - 2 / 3 ] = = lim V r{q)- k P[Z 00 > p*- 1 ' 3 ]. 

k=\ k=\ 

For k < 0, we have 

PfZoo > /3 k -^ 3 ] < P^ > 0] < P[Bin(H/ 00 ,p 00 ) > 0], 
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further, since S^ > 1, we see that 

on {Zoo > 0}, Zoo > S 00 e 1 > ei, 
where ei is independent of the event {Zoo > 0} = {Bin (Woo, Poo) > 0}. Hence 

P[Zoo > (3 k - 1/3 ] = 1 - P[Zoo < I3 k -^] 

> 1 - P[Bin(H/ 00 ,p 00 ) = 0] - P[ ei < /T 1/3 ] 
= P[Bin(H/ oo ,p oo )>0]+o(l), 
for (3 — > oo and hence 

(11.7) P[Zoo > P k - 1/3 } = P[Bin(H/ 00 ,poo) > 0] + o(l), 
where o(-) does not depend on k. 

In the same way, 

(11.8) P[Zoo > /3 fc - 2/3 ] = P[Bin(H/oo,Poo) > 0] + o(l) 

for (3 — > oo. Plugging (111.71) and (111.81) in equation (111.3)) and taking into account 
(111.6P we see that 

lim ]Tf'(g)- fe PZco > P k - 2/3 } = Jim -^^P [Bin (W^, Poo ) > 0] 

<>-+<*>{£ ^ool-f(g) 

and 

lim Vf( ? )- k P[2 M > /3 fc - 1/3 ] = lim - * P[Bin(H/oo,Poo) > 0] . 
/3-oc ^ - /9-ool-f(g) 

Hence, we would have 

lim \ P[Bin(H/oo,Poo) > 0] = lim f'(g)- 1/3 \ l( , P[Bm{W^ Poo ) > 0] . 
p— >oo 1 — I (gj /3— s-oo 1 — I ^gj 

This could only be possible if P[Bin(H / oo 5 Poo) > 0] — > for /3 — > oo, but we know that 

P[Bin(H/oo,Poo) > 0] > PooPflVoo > 1] > c> 0, 

where c does not depend on /3, see Lemma 16.61 This proves Theorem 11.21 □ 

In particular, if (3 is large enough, 3(dx, 0, £i) is not a stable law and this implies 
(vii) in Theorem 11.41 



11.3. Proof of Theorem 11.11 We will show that 
(11.9) lim lim sup P —^ <£ [1/M,M] 



M^oo 



n 



0. 



This implies in particular that the family (A n /n 1//7 )„>o is tight. We will then prove 

0. 



r \X 
(11.10) lim lim sup P i— ^ I [1/M,M] 

M-oo „^oo L V? 



which implies that the family (|X n |/n 7 )„> is tight. (11.21) is then a consequence of 
( EM) and (ITTTOl) . 



4; 5 



To show (TTL9D . note that for n G [f'(q)~ k ,i'(q)~ {k+1) ) 

An 



P 
<P 



n 



1/7 



[1/M,M] 



Af'(g)-* 



< 



M 



(f'(g)-*pC a )l/7 (f'fe)pC a )V7J 



p 



A f , 



( g )-( fc + !) 



> 



{i'(q) k + x pC a yh M(f'(g)-ipC )i/7 J J ' 



Using Theorem 11.31 we get 



lim sup P 



A, 



77 



l/ 7 



[1/M,M] 



< P 



K 



(pCa) 



l/7'°' £ („C„) 1 /7 ^ 



M 



M(f'(g)- 1 pC a ) 1 /7'(f( g )pC a ) 1 /7_ 

where F d 1/7 ,o„c a ^ is a random variable with law 3(d (pCa) i/ 7 ,0, £ (pCa) i/ 7 ). Here 

we used that the limiting law 3(d x , 0, C x ) is continuous, see (111.21) . and has in partic- 
ular no atom at 0, so we get that 

lim P[Y dMx £[l/M,M}}=0, 

M— >oo 



which proves (111.91) . 

Let us prove (111.101) . Let n > and write n 1 = \of'(q)~ l ° for some i$ G N and 
A G [1,1/f ((?)). Let z G N. To control the probability that \X n \ is be much larger 
than n 7 , note that 

|A "' ^ ' ' ' ^ P [ A L(Ao- 1 f'fa)-')(Aof'fa)-'o)j < WOT 40 ) 177 ] 



P 



L n 7 



> fflj) 



P 



T^fT^p-yr^ < (VCJ (g) ) 



Hence for any e > 0, and z large enough such that (pC a f'(q) 



-i\-l/ 7 



<£, 



P 



L n 7 



> f (?) 



-i-l 



< P 



\Xn 

L n 7 



> V%) 



< P 



A[f ( g )-i-i J 

L(pC a f'(g)-^o)V7 



< £ 



Now, using Theorem 11.31 taking n (i.e. z'o) to infinity, we get that for any e > 0, 

X„ 



for 7 large enough, lim sup P 

n 

using (lll.2p and hence 



n> 



;n.ii) 



lim sup lim sup P 

M— >oo n— »oo 



n 7 



> M 



> f fa)— 1 < P[Y dlfi , Cl < e] 



<hmsn P P[Y dlfi:Cl <e] = 0. 



Next, we will consider the probability that \X n \ is much smaller than n 7 . Let us 
denote 

Back(n) = max (\Xi\ — \Xj\) , 

i<j<n 

the maximal backtracking of the random walk. It is easy to see that 

Back(n) < max (r» — Tj_i) V T± . 

2<i<n 

Hence since T\ and r-i — T\ have exponential moments 
(11.12) P [Back(n) > n 7/2 ] < Cnexp(-cn 7/2 ). 
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If the walk is at a level inferior to (1/M)n 7 at time n and has not backtracked more 
than n 7//2 , it has not reached (2/M)n 7 . This implies that for all M > 0, 



P 



l v l 

n 7 



< 1/M 



< 



ack(n) > n< 12 } + P 



A, 



{pC a 2/MYhn > ^ Ca2 / M > 



Hence, using a reasoning similar to the proof of (111. lip , we have 

IX 



(11.13) 



lim limsupP 



rP 



< 1/M 



Using (jITTIl) and (rTl~T3l) . we get 



(11.14) 



lim lim sup P 



|X n | 

n 7 



<liminfP[F dlA£l >M]=0. 



[1/M,M] 



which shows (lll.lOp in Theorem 11.11 

Let us prove (iii) in Theorem 11.11 We have 



P 



lim — ■ 

rwoo Inn 



7^7 



< p 



lim sup 



hi|X n 
Inn 



>7 



+ lim P 



IX 
lim inf — — 

n-+oo n 7 



< 



M 



Using Fatou's Lemma, 



P 



lim inf — — < — - 

n-*oo rC M 



< lim inf P 

71— >00 



IX 



TV 



^ < 1/M 



and taking M to infinity we get 

In |X„, 



P 



lim 

re->oo In n 



7^7 



< p 



ln|X n | 

lim sup — : > 7 

n — >oo ui n 



Set £ > 0, we have 



P 



lim sup 



l n|X n 
Inn 



>(l + 2e) 7 



< P 



< 



lim sup 



lim sup 



X„ 



n (l+e)7 
SU Pi<n 



> 1 



IX 



Define 



D'(n) 



max H( 



< 



n (l+e)7 

4 Inn 



> 1 



lnf'(g) 



Denoting £(n) such that o T <n< cr T , we have 



11.15) 



for u e D'(ri), 



+ 



4 Inn 



iv" I <■ I V" I <■ I V" 

*(") t(n)+l — ml (fl) 



and since using B\{yi) defined right above Lemma f7.lt we get 



(11.16) 



for u; G BAn) 



\X ffr | < X, | + n £ . 



4o 



We have using Lemma [5. II and (13. 7p 

F[D'(n) c ] < P[A(n) c ] + W>\ A^n), card ufj^ > n 

.Cm 

n 2 Q 



< 0(n~ 2 )+P^cardL^ > ;; 



■W ^^2 



j=0 



P 



H> 



cardU^Ly. < n 2 ,D'(n) 
4 Inn 



In f '(g) 
< 0(n- 2 ) +n- 4 Var(y2 caTdL o ) ) + n 2 n~* = 0(n- 2 ), 



Cm 



i=0 



■w 



where we used that cardLp are i.i.d. random variables which are L since they are 
stochastically dominated by the number of offspring Z which is L 2 by our assumption. 

By Lemma EH the previous estimate and Borel-Cantelli we have u G Bi(n) r\D(n) 
asymptotically, we get recalling (11 1.1 5ft and (111.161) that for e < 7 



,. sup i<n |X 4| 
lim sup 7^^ > 1 



n 



(l+e)7 



< P 



r t(") 



lim inf . 



+ 0l >1 



Since \X a _ I < IXJ we have 

t(n) 



P 



,. sup i<n |Xi| ' 

lim ^— ; > 1 



n^oo 77, 



(l+e)7 



< P 



lim inf ' ( I° > 1 



< lim inf P 






n (l+e)7 



< lim inf lim inf P 

M— >oo n— >oo 



> 1 



\X n \ 



> M 



where we used Fatou's Lemma and (ii) in Theorem 11.11 

Now since this result is true for all e > small enough we get 



P 



' ln|X n | 

lim — ■ fi <-y 

rwoo In n 



<P 



r ln\X n \ 
lim sup — ■ > 7 



< lim inf P 

£^0 



Inn 



lnlXJ 
lim sup — : > (1 + 2^)7 

n — >oc m n 



which finishes the proof of (11.21) . 



□ 



11.4. Proof of Theorem ll.4l It remains to show (iv), (v), (vi) and (viii) in Theorem 



Proof. We start by proving (viii). Recall 



Z n 



s 



Bin(Woo,Poo) 



i^ 1 k 



and in particular the fact that S^, W^ and the i.i.d. exponential random variables 
ej are independent. Let S^ = .Soo/Poo and denote its law by u^. Further, let a^ = 
F\Bin.(W 00 ,p 00 ) = k], k = 0, 1,2,.. .. Conditioned on Soo and Bin(W / 00 ,p 00 ), the law 
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of Zqo is a Gamma distribution. More precisely, for any test function ip, 



oo / oo 



E^OZoo)] = a o <p(0) + J2 

fc=i 

oo 

= a ^(0) + J2 



tp(su)e u 



u 



fc-i 



\0 

oo / oo 



(*-i; 



r du u co (ds)a k 



it=i 



<p(v)e~ v/s T TTT-fdf I v 00 {ds)a k 



o \o 



(fc-l)!s fc 



i> 



fe-i 



o fc=1 



K 



Q 



-v/Soo f Q 



-k 



dv 



We point out that, due to Lemma I6.6[ we have < ao < 1. Hence, Z^ has an 
atom of mass a at and the conditioned law of Z^, conditioned on Z^ > 0, has the 
density ip, where 

„,fc-i 



^) = E«*(jfc3i)! 



£7, 



Q 



-v/Saa I C 



E, 



Q 



1 

Oo<- 



-«/S D 



«fe 



fe=l V 



5. 



fc-i' 



Using the fact that Soo > 2 and limsup -r loga^ < (see Lemma 1672]) . we see that 
ip is bounded and Coo- Note that since S'oo and Woo have finite expectation, Z^ has 
also finite expectation and in particular 



11.17) 



oo 



ij}{v)dv < oo 



This shows (viii) in Theorem 11.41 We will later need that 



:n.i8) 



v +1 \ip (v)\dv < oo. 



To show flll.lSp . note that ip'(v) equals 
-1 



E, 



Q 



-v/S 



OO , v fc-1 

a fc v \ I 



(So 



V^ fc i ___ 

tt(^-l)'Uoo 



+ 



-U/Sc 



(So 



E 

fc=2 



Q!fe 



(*-2)!U 



fc-2 



which implies, with a := limsup (a k ) < 1 

But, for «56 (0,1), 

(S. 



-(l-a)v/S 



(So 



(l-a)v/S a 
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<E, 



Q 



e -( 1 -«>/S»l{ J S' 00 <T; 1 -«} 



+ £, 



Q 



(So 



;l{^oo > ^} 



< e-^ 1 "^ + 



l3=36 E Q 



& 



Now, choosing S small enough such that 35 + 7 < 1 yields (111.181) . 

We next show that the function £ x is absolutely continuous. Recalling (i) in The- 
orem [T31 we see that, for x > 0, 

-(l-p-i)- 1 C 1 (x) = Y,P rk Foo(xP k ) 

kez 



00 
Y,^ k J 1>(v)dv 

n \ke1 J 



Now, 



fcGZ k<K(v/x) 

where, setting w = f , i^(w) = Lr^J- ^n eas y computation gives 

^7(JC(«)+l) 



(11.19) 

Hence, for x > 0, 

(11.20) 



-log/3- 



07-1 



(i-/r 7 rA(x) 



g ( — ) ijj(v)dv — x • g(u)ip(xu)du . 

I! 



The last formula shows, noting that g(u) is of order u 1 for u — > 00 and recalling 
(111.171) and (111.181) . that £1 is Ci and in particular absolutely continuous. Due to the 
scaling relation (ii), the same holds true for C\. This shows (iv) in Theorem 11.41 

Due to (111.191) . we have 



-u 1 < g(u) < 



P 



-w 



pr-1 ~ * v ' ~ pn - 1 

Plugging this into the first equality in (111.201) yields (11.41) . This proves (v) in The- 
orem [LH To show (vi), we use a result of [23] which says that an infinite divisible 

law is absolutely continuous if the absolutely continuous component £ ac of its Levy 

00 

spectral function satisfies J dC ac (x) = 00, see also [T7j, p. 37. In our case, this is 

—00 
satisfied since Cf c (x) = C\(x) and lim£i(x) = —00. Further, the statement about 

the moments of fi\ follows from the corresponding statement about the moments of 
C x , see [H] or [17], p. 36. □ 
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